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SETS RELATIONS AND
FuNCTIONS

Empty set
Finite set
Infinite set
Singleton set
Equivalent set
Equal sets
Subset
Proper subset

Power set

Universal set

Union

Intersection

Complement of a set

Disjoint sets

Open interval

Closed interval
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MUST KNOW DEFINITIONS

A set is a collection of well defined objects.

Type of sets
A set containing no element.
The number of elements in the set is finite.
The number of elements in the set is not finite.
A set containing only one element.
Two sets having same number of elements.

Two sets exactly having the same elements.

Aset X is a subset of Y if every element of X is also an element of Y. (X CY)
X is aproper subsetof Yif X cYand X #Y.

The set of all subsets of A is the power set of A.

The set contains all the elements under consideration

Algebra of sets

The union of two sets A and B is the set of elements which are either in A
orin B (Au B)

The intersection of two sets A and B is the set of all elements common to
both A and B (A n B).

The set of all elements of U (Universal set) that are not elements of A. (A”)
Set different(A\B) or (A — B)

The difference of the two sets A and B is the set of all elements belonging
to A but not to B

Two sets A and B are said to be disjoint if there is no element common to
both A and B.

The set {x: a <x <b} is called an open interval and denoted by (a, b)

The set {x: a <x <b} is called a closed interval and denoted by [a, b]

[1]
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Let a be any real number. Let € > 0 be arbitrarily small real number.
Then (a — €, a + €) is called an “e” neighbourhood of the point a and
denoted by N _

The set of all ordered pairs (a, b) such that a € A and b € B is called the
cartesian product of A and B and is denoted by A % B.

Types of relation
A relation R on a set A is said to be reflexive if every element of A is related

to itself.

A relation R on a set A is said to be symmetric if (a, b) € R = (b, a) € R for
alla, b e A.

A relation R on a set A is said to be transitive if (a, ) € R and (b, ¢) € R
= (a,c)e Rforalla, b, c € A.

A relation R on a set A is said to be anti-symmetric if (a, b) € R and (b, a)
e R=a=>bforalla, be A.

A relation R on a set A is said to be equivalence relation if it is reflexive,
symmetric and transitive.

A function f from a set A to a set B is a rule which assigns to each element
of A, a unique element of B.

If f: A — B, then A is the domain, B is the co-domain.

Types of algebraic functions
A function that associates each real number to itself.

x, x>0
—x,x<0

The function f(x) defined by f(x) = |x| = {

A function f(x) defined by f(x) = k where £ is a real number.
The function f/: R — R defined by f(x) = [x] for all x € R.

m x#0
The function fdefined by f(x) = | X
0, x=0

The function /: R — R defined by f(x) = ax" + ax"' +ax"?+ ... +a,
where ay, a,, . . ., a are constants.

(x

The function f/: R — R defined by f(x) = p(_x)) , q(x) # 0 and p(x), g(x) are
polynomial. 1
Algebra of functions

If /D, — Rand g: D, — R, then their sum f/+ g: D, N D, — R such that (f+ g)
(x) =f(x) + g(x) forallxe D, " D,.
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Subtraction : If f: D, —» R and g: D, — R, then their difference /— g: D, m D, — R such that
(f—g (x) —f(x) + g(x) forallx e D, " D,.
Product : If f: D, — R and g: D, — R, then their product /- g: D, N D, — R such that

(fg) (x) = f(x) + g(x) forallx e D, N D,.

Quotient 2
Iff;: D, — Rand g: D, — R, then their quotient E:D ND,~{x:g(x)=0} >R
such that (f)( )= fg ; such that for all x e D, " D,— {x: g (x) =0}.
X
Composition of : If f:A— Band g: B— C then gof: A — C defined by gof(x) = g[f(x)] for all x €
functions A.
Kinds of functions
One-one : A function f: A — B is said to be a one-one function (injection) if different ele-
ments of a have different images in B.
Onto : A function f: A — B is said to be an onto (surjection) function if every element of
B is the image of some element of A.
Bijection : A function f: A — B is a bijection if one-one as well as onto.
Inverse of a function : Let /: A — B be a bijection. Then g: B — A which associates each element y € B

to a unique element x € A such that f(x) = y is called the inverse of f.
Formuale to remember
Demorgan’s laws : I. (AuBY=A"nB 2. (AnB)=A"UPB
3. AABuUC)=(A\B)"N(A\C) 4. A\B N C)=(AB)uU (A\C)

Reflexive : aRa forallae A
Symmetric : aRb = bRa foralla,be A
Transitive : aRb, bRc = aRc foralla, b, c€ A
Antisymmetric : aRband bRa = a=bforalla,be A
AAB=(A\B)UB\A)
One-one function : If f: A— Athen f(x) = f(x,) = x, =x, forall x,,x, e A
Onto function : Co-domain = Range. If a set has n elements, then total number of subsets is 2".
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TEXTUAL QUESTIONS

3. State whether the following sets are finite or

ExERrcisk 1.1

1. Write the following in roster form.

(@)
(i)

(iii)
(iv)
Solution :

(@)

(ii)

(iii)

tiuld

{x e N:x?<121 and x is a prime}.
the set of all positive roots of the equation
x-DE+1D)E:-1)=0.
{xe N:4x+9<52}.
x—4

{x:——S,xeR—{—Z}}

x+2

{x € N:x*<121 and x is a prime}.
LetA= {x e N:x?> <121, and x is a prime}
A = {2,3,57}.
the set of all positive roots of the equation
x-Dx+1DHE2-1)=0.
Let B = {the set of positive roots of the
equation (x — 1) (x + 1) (x> — 1) = 0}

= x =1,-1
B = {1}.

{xe N:4x+9<52}.

LetC = {xe N:4x+9<52}
= C = {xe N:4x<52-9}
= C = {xe N:4x <43}
= C ={xe N:x<$}
= C = {xe N:x<10.75}
= C = {1,2,3,4,5,6,7,8,9,10}.

N

{x:x;=3,xeR—{—z}},

x+2
x—4
LetD = {x: =3,xeR—{—2}}
x+2
D = {x:x—-4=3x+6,xe R}
D = {xx4-6=3x—-x,xe R}
D = {x:2x=-10,x € R}
D = {xix=-5,xe R}
D = {-5}

2. Write the set {—1, 1} in set builder form.

Solution :
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LetP= {1, 1}
= P={x:xisarootofx>—1=0}

infinite.
(i) {xe N:xisan even prime number}
(ii) {xe N:xisan odd prime number}
(iii) {x e Z:xis even and less than 10}
(iv) {xe R:xis arational number}
(v) {xe N:xis arational number}
Solution :
(i) {xe N:xisan even prime number}
Let A= {x € N: x is an even prime number}
= A = {2} = Ais afinite set.
(ii) {xe N:xisan odd prime number}
Let B = {xe N:xisanodd prime number}
= B = {3,57,11,...}
= B is an infinite set.
(iii) {x e Z:xis even and less than 10}
LetC = {xe Z:xisevenand <10}
= C={..4,-2,0,2,4,6,8}. Cisainfinite set.
(iv) {xe R:xis arational number}
LetD = {xe R:xis arational number}
= D = {setof all rational number}
= D is an infinite set.
(v) {xe N:xis arational number}

LetN {x € N: x is a rational number}
= N =

= N is an infinite set.

4. By taking suitable sets A, B, C, verify the following
results:

@
(i)
(iii)
(iv)
™)
(vi)

Solution :

(@)

LHS

AXx(BNC)=(AxB)n (AxC)
Ax(BUC)=(AxB)U(AxC)
(AxB) N (BxA)=(ANB)x (BNA)
C-B-A)=(CNA)UCNB)
B-A)NC=BNC)-A=Bn (C-A)
B-A)UC=BUC)-(A-C)

AXx(BNC)=(AxB)N (AxC)

LetA = {1,2,3},B=(4,5,6,7}
C = {43,559}
andu = {1,2,3,4,5,6,7,8,9}
= Ax(BnNO)
= Ax {4,5} [-BnNnC={4,5}]

={1,2,3} x {4,5}
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= {(1,4) (1,5) (2,4) (2,5) 3,4) (3, 5)} ..(1)

AxB=1{1,2,3} x {4,5,6,7}
={(1,4) (1,5)(1,6)(1,7)(2,4) (2,5) (2, 6)
(2,73,43,53,6) (3,7}

AxC=1{1,2,3} x {3,4,5,9}
={(1,3)(1,4)(1,5)(1,9)(2,3) (2,4) (2, 5)
(2,9)(3,3)(3,4) (3,5 (3,9)}

RHS = (A xB) N (A x C)

={(1,4)(1,5)(2,4) (2,5)(3,4) (3,5} ...(2)
From (1) and (2), LHS = RHS. Hence verified.

(i) AxBUC)=(AxB)U(AxC)
BuUC) = {3,4,5,6,7,9}
Now,Ax (BUC) = {1,2,3} x{3,4,5,6,7,9}
{1, 3) (1, 4) (1, 5) (1, 6)
(1, 7) (1, 9) (2, 3) (2, 4)
2,5 (2, 6) 2, 7) (2, 9)
(3,3) 3, 4) (3, 5) (3, 6)
3,7 (3,9 ..(1)
{1,2,3) x {4,5,6,7}
{(1, 4) (1, 5) (1, 6) (1, 7)
(2,4)(2,5)(2,6)(2,7) (3,4)
(3,5 3,6) (3,7}
£1,2,3} x {3,4,5,9}
{1, 3) (1, 4) (1, 5) (1, 9)
2, 3) 2, 4) 2, 5) (2, 9)
(3,3)(3,4)(3,5) (3,9}

Now A x B

AxC

RHS (AxB)uU (AxC)
= {1, 3) 1,4 (1,5) (1, 06)
1, 7) (1, 9 2, 3) 2, 4
2,5 2,6 2,7 2,9
(3,3)(3,4) (3,5 3,6)(3,7)
(3,9)} ..(2)
From (1) & (2), LHS = RHS Hence verified
(iii) AxB)n(BxA)=(AnB)x(BNA)

(AxB) = {(1,4) (1,5 (1, 6) (1, 7)
2,4)(2,5)(2,6)(2,7) (3,4)
(3,5 (3,63, N}
BxA) = {4 1) 4 2)4 361D
(5,2) (5,3)(6,1)(6,2) (6, 3)
(7, D) (7,2) (7, 3)}
LHS = (AxB)nBxA)={} ..(1)
(AnB) = {},BNnA={}
~RHS = (ANB)x(BNA)={}..Q2)

From (1) and (2), LHS =RHS
iv C-B-A)=(CnA)uU(CNB)

B-A = {4,567}
LHS = C-(B-A)=1{3,9} ..()
CAA = {3}
B = {1,2,3,8,9}
CNB = {3,9)
orders@surabooks.com PH:

RHS = (CnA)uU(CnNnB)
= {3,9}
From (1) and (2), LHS = RHS

2

v) B-A)NC=BnNC)-A=BnN(C-A)
B-A = {4,5,6,7}
B-A)NnC = {4,5} (1)
BNnC = {4,5}
BNOC)-A = {4,5} .(2)
C-A = {4,59}
BN(C-A) = 4,5} ..(3)
From (1), (2) and (3),
B-A)nC = BNnC)—-A=Bn(C-A).
(vij B-A)uC=BuUl)-(A-0)
B-A = {4,5,6,7}
B-A)uC = {3,4,5,6,7,9} (1)
BuC = {3,4,5,6,7,9}
A-C = {1,2}
BuUCO)-(A-C) = {3,4,5,6,7,9} .(2)

From (1) and 2), B—A)uC=BuC)-(A-C)
Hence verified.

5. Justify the trueness of the statement “An element
of a set can never be a subset of itself”.
Solution : LetP={a, b, c,d}.
Each and every element of the set P can be a
subset of the set itself
Eg: {a}, {b}, {c}, {d}.
Hence, the given statement is not true.
6. 1Ifn(p(A))=1024,n (AU B)=15and n (P(B)) =32,
then find n» (A N B).

Solution : Given n(P(A)) = 1024 =210[ . If
= n(A) =10 n(A) = n, then
n(P(B)) = 32=2° n(P(A)) =2"]
= n(B) = 5.
We know that,
n(AuB) = n(A)+nB)—n(AnB)
= 15 = 10+5-n(AnB)
= n(AnB) = 0.
7. 1If n(A N B) =3 and n(A U B) = 10 then find
n (P(AAB)) [Qy - 2018]
Solution :  We know that n(A U B)
=n(A-B)+n(B-A)+n(AnB)ifAand B
are not disjoint.
= nmA-B)+nB-A) = nAuB)-n(AnB)
= n(AAB) =10-3
= ~n(AAB) =7
~n[P(AAB)] = 27=128.
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8. ForasetA, A x A contains 16 elements and two of
its elements are (1, 3) and (0, 2). Find the elements
of A.
Solution : Since A x A contains 16 elements, then A
must have 4 elements
= n(A)=4.
The elements of A X A are (1, 3) and (0, 2)

o. The possibilities of elements of A are
{0, 1,2, 3}

9. Let A and B be two sets such that n(A) = 3 and
nB)=2.1f (x, 1) (», 2) (z, 1) are in A x B, find A
and B, where x, y, 7 are distinct elements.

[Hy - 2018]
GivenAxB = {(x,1)(»,2)(z, 1)}
Since n(A) = 3 and n(B) =2,
A x B will have 6 elements.

Solution :

The remaining elements of A x B will be
x,2) (1, 1) (2 2)
LAXB = {xe, D, 2) (2 1) (x, 2)
0, D (z2)}
~A = {x,y,z} and B= {1, 2}
10. If A x A has 16 elements, S = {(a, b)) € A x A:

a < b}; (-1, 2) and (0, 1) are two elements of S,
then find the remaining elements of S. [Qy -2018]

Solution : n(AxA) = 16 =n(A)=4.
GivenS = {(a,b)e AxA:a<b}
LA = 1,0, 1,2},
AxA {-1,-1) (-1,0) (-1, 1)
(-1, 2)(0,-1),(0,0) (0,1)
(0,2) (1,-1) (1,0)(1, 1)
(1,2) 2,-1)(2,0) (2, 1)
(2,2);
Now, S = {(-1,0)(-1,1)(-1,2) (0, 1)
(0,2) (1,2)}
.. The remaining elements of S are (-1, 0) (-1, 1)
(0,2)(1,2)

EXERCISE 1.2

1. Discuss the following relations for reflexivity,
symmetricity and transitivity :

(i) The relation R defined on the set of all
positive integers by “mRn if m divides n”.

(ii) Let P denote the set of all straight lines in a
plane. The relation R defined by “/Rm if l is
perpendicular to m”.

(iii) LetAbethesetconsisting of all the members

of a family. The relation R defined by “aRb
if a is not a sister of b”.

orders@surabooks.com

(iv) Let A be the set consisting of all the female

members of a family. The relation R defined
by “aRb if a is not a sister of .

(v)  On the set of natural numbers the relation
R defined by “xRy if x + 2y =1".
Solution :
(i) The relation R defined on the set of all positive
integers by “mRn” if m divides n”.
Given relation is “mRn if m divides n”.
Reflexivity mRm since m divides m for all
positive integers m.
. Ris reflexive.
Symmetricity mRn = nRm.
m divides n = 4 divides
2 #2 divides 4.
-. R is not symmetric
Transitive mRn and nRp = mRp.
m divides n and n divides p
then m divides p.
. R s transitive.
. Ris reflexive, not symmetric and transitive.
(ii) Let P denote the set of all straight lines in a

(iii)

plane. The relation R defined by “/Rm if [ is
perpendicular to m”.

Letl,m,ne p.
Reflexivity We cannot say [/ s
perpendicular to / itself.
-1 K 1= Ris not reflexive.
Symmetry [Rm = mRI
[ is perpendicular to m = m is
perpendicular to /
~. Ris symmetric
Transitive IRm and mRn # [Rn.
[ is perpendicular to m and m
is perpendicular to n.
= [ is not perpendicular to 7.
. Ris not transitive.
= R is only symmetric.

Let A be the set consisting of all the members of
a family. The relation R defined by “aRb if a is
not a sister of b”.

Given relation is “aRb if a is not a sister of 5. and
a, b, ceA.

Reflexivity aRa = a is not a sister of a
- Ris reflexive.
Symmetricity : aRb#bRa

a is not a sister of b but may be
a sister of a

. R is not symmetric.
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aRb and bRc = aRc

a is not a sister of b and b is
not a sister of c.

but @ may be a sister of c.

.. R is not transitive.

. Ris only reflexive.

Transitivity

(iv) Let A be the set consisting of all the female

members of a family. The relation R defined by
“aRb if a is not a sister of H”.

Given relation is aRb if a is not a sister of b.
Leta, b, c € A.
Reflexivity aRa = a is not a sister of a

.. Ris reflexive.

aRb = bRa

a is not a sister of b = b is not
a sister of a.

. R is symmetric.

aRb and bRc = aRc

a is not a sister of b, b is not a
sister of C [Eg : Mother is not
a sister of daughter, daughter
is not a sister of chithi, but
mother is a sister of chithi.]
does not imply a is not a sister
of c.

.. R is not transitive.

- R is reflexive, symmetric
and not transitive.

On the set of natural numbers, the relation R is
defined by “xRy if x + 2y =1".

The relation R is defined by xRy if x + 2y =1 for
x,ye N.
Reflexivity

Symmetricity

Transitivity

Letx,ye N
XRxy=x+2x=1 1
=3x=1 :>x=§ ¢ N

.. R is not reflexive.

: xRy=>)Rxforx,ye N
xRy = x + 2y = 1 which is
not possible for any values of
x,ye N
. R is not symmetric

: xRy and yRz = xRz.
xRy and yRz are not possible
for any values of x, y,ze N
~. Ris not transitive.

R is not reflexive, not

symmetric and not transitive.

Let X = {a, b, c, d}, and R = {(a, a) (b, b) (a, c)}.
Write down the minimum number of ordered
pairs to be included to R to make it

(i) reflexive (i) symmetric

(iii) transitive (iv) equivalence.

Symmetricity

Transitivity

orders@surabooks.com

Solution : Given X = {a, b, ¢, d} and R = {(a, a) (b, b)

(a, c)}

(i) To make the relation R reflexive we must have
(c,c)and (d,d) e R
. minimum number of ordered pairs to be
included to R to make it reflexive is (¢, ¢) and
(d, d)

(il)) To make R symmetric, we must have (c, @) € R
. minimum number of ordered pairs to be
included to R to make it symmetric is (c, a).

(ii1) R is transitive.
.. nothing need to be included.

(iv) Minimum number of ordered pairs to be included

to make R equivalence is (c, ¢) (d, d) (¢, a).

3. LetA={a,b,c},and R={(a,a) (b, b) (a,c)}. Write
down the minimum number of ordered pairs to
be included to R to make it
(i) reflexive (ii) symmetric
(iii) transitive (iv) equivalence.

Solution : (i) The ordered pairs (¢, ¢) should be

included to R to make it reflexive.
. minimum number of ordered pair is
(c,0)

(i) The ordered pairs (c,a) should be
included to R to make it symmetric.
. minimum number of ordered pair is
(c, a).

(iii)) The relation is transitive.
.. nothing needs to included.

(iv) The ordered pairs (c, ¢) and (c, a)
should be included to R to make it
equivalence.

. Minimum number of ordered pairs
are (c, ¢) and (c, a).
4. LetPbe the set of all triangles in a plane and R be

the relation defined on P as aRb if a is similar to b.
Prove that R is an equivalence relation.

Solution : Let P be the set of all triangles in a plane R is

defined as aRb if a is similar to b.
Leta, b,ce P.

Reflexivity aRa = a is similar to a

foralla e P.
/\_>/\ /l\_,/)\
a a

.. Ris reflexive
aRb = bRa

a i1s similar to b = b
1s similar to a for all
a,be P.

Symmetricity :
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aRb, and bRc = aRec.
a is similar to b and b is
similar to ¢

TANTONTAN

= @ is similar to c.

Transitivity

Hence R is an equivalence relation.

5. On the set of natural number let R be the relation
defined by aRb if 2a + 3b = 30. Write down the
relation by listing all the pairs. Check whether it

is
(i) reflexive (ii) symmetric
(iii) transitive (iv) equivalence.
Solution : Givenrelationis 2a +3b=30foralla, b e N.
2a+3bh = 30
= 2a = 30-3b
30-3b
= a =
2

a 12 | 9 6 3
b 2 4 6 8
.. The list of ordered pairs are (12, 2) (9, 4)
(6,6) (3, 8)
Reflexivity

(12, 12) ¢ R = R is not
reflexive.

9,9)e R=4,9 R
.. R is not symmetric
Clearly R isnot transitive.

R is not an equivalence
relation.

6. Prove that the relation “friendship” is not an
equivalence relation on the set of all people in
Chennai.

Solution : Let a, b, ¢ are people in Chennai

Symmetricity :

Transitivity

Reflexivity : “a”isa friend of“a” =a R a.
= R is not reflexive.

Symmetric: « is friend of b = b is the
friend of a.
s~aRb = bRa = R is
symmetric

Transitive : a is the friend of b and b is the

friend of ¢ = a need not be the
friend of c.

s.aRb = bRe # aRe = R i1s
not transitive

Hence, the relation “friendship” is not equivalent.
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7. On the set of natural number let R be the relation
defined by aRb if a + b < 6. Write down the relation
by listing all the pairs. Check whether it is

(i) reflexive (ii) symmetric
(iii) transitive (iv) equivalence.
Solution : The relation is defined by aRb if a + b < 6 for

alla, b e N.

atb<6=a<6->
a|S5S|4 3211 |1 |1 |1 |2(2]2]|3 |4
bl 11231451 1(2 |34 |11(2|3]1]1
.. The list of ordered pairs are (5, 1) (4, 2) (3, 3) (2, 4)

(1, 5), (1, 1), (1, 2), (1,3), (1.4), (2,1), (2,2), (2,3), (3,1),
4,1).

Reflexivity : R is not reflexive since (5, 5) ¢ R.
Symmetric : (5,1)e R= (1,5 e R

4,2) e R=>(2,49)eR

. R is symmetric
Transitivity : (4,2)e Rand(2,4)e R=(4,4) ¢

R
. Ris not transitive.
Hence, R is not an equivalence relation.

8. Let A= {a, b, c}. What is the equivalence relation
of smallest cardinality on A? What is the
equivalence relation of largest cardinality on A?

Solution : Given A= {a, b,c}

(i) LetR={(a, a) (b, b) (c,c)}

R is reflexive

R is symmetric and R is transitive = R is an

equivalence relation.

This is the equivalence relation of smallest

cardinality on A.

~n(R) =3
LetR = {(a, a)(a, b) (a,c) (b,a) (b, b)
(b, ©) (¢, a) (¢, b) (c,0)}

R is reflexive since (a, a) (b, b) and (¢, ¢) e R

R is symmetric since (a, b)e R = (b, a) e R

(b,0)eR = (c,h) eR

(c,)eR=(a,c)eR

R is also transitive since (a, b) (b, ¢) e R

=(a,c)eR

Hence R is are equivalence relation of largest

cardinality on A.

~n(R)y=9

9. In the set Z of integers, define mRn if m — n is
divisible by 7. Prove that R is an equivalence
relation.

Solution : Asm—m = 0,

m — m is divisible by 7 = mRm
- Ris reflexive. Let mRn.
Then m —n = 7k for some integer k

(i)
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Thus n—m = 7 (—k) and hence nRm f( =0 [.f(x)=0whenx=7]
-. R is symmetric. f(0) = 0>-0 =0.
Let mRn and nRp [ f(x) = x> — x when x = 0]
= m—n = Tkand n—p="7[for some ~f4) = 8, f(1)=0,
= m = Tk+n and f(=2) = 6,f(7)=0andf(0)=1
—p = 7l—nint kand . .
SO m —2 = 7k +n;1{njg76;i ’?n Write the values of fat -3, 5, 2, -1, 0 if
= m — p=7(k+1)= mRp x+x-5 if xe(-,0)
.. Ris tr.ansitive.. ' X +3x-2 if xe@3,)
Thus, R is an equivalence relation. f(x) = )
P if xe(0,2)
EXERCISE 1.3 Xt -3, Otherwise

Suppose that 120 students are studying in 4
sections of eleventh standard in a school. Let A
denote the set of students and B denote the set of
the sections. Define a relation from A to B as “x
related to y if the student x belongs to the section
y”. Is this relation a function? What can you say
about the inverse relation? Explain your answer.

Solution : Given n(A) =120, n(B) =4

2.

A B Let the four sections

be P, Q, R and S.

xRy is the student x belongs to the section y.
This relation is a function since every student of
set A will be mapped on to some section in B.
.. fis a function from A — B.

The inverse relation is f~': B — A.

The inverse relation is not a function since
one section will have more than one student.

Write the values of fat —4,1,-2, 7, 0 if
(—x+4 if —o<x<-3
x+4 if 3<x<-2

f(x) = {x*-x if -2<x<1
x—x* if 1<x<7
0, otherwise

Solution : Now fl-4) = +4+4=8

[ f(x)=—x+ 4 when x = —4]
() = 1-12

[ f(x) =x—x*>whenx = 1]
Sy =0
fC2) = (2P (2)=4+2-6

[ f(x) = x> — x when x = 2]

orders@surabooks.com

[First Mid - 2018]

Solution : f(-3) = (3)*)-3-5=9-3-5=9-8=1

[ f(x)=x*+x—5whenx =-3]
f(5) = 5*+3(5)-2=25+15-2=38
[ f(x)=x*+3x—2 whenx = 5]
f2) = 22-3=4-3=1
[ f(x) =x*-3 when x = 2]
f-1) = 1P+ -5=0 -1 —5=_5
[ f(x)=x*+x—5whenx=-1]
f(0) = 0°-3=-3
[ f(x) =x*>—3 when x = 0]
~f3) = Lf(5)=38,
/@) = Lf=)=-570)=-3
State whether the following relations are functions
or not. If it is a function check for one-to-oneness
and ontoness . If it is not a function state why?
() IfA={a,b,c}andf={(a,c)(b,c)(cDb)}:

(f:A—>A).
(i) IfX={x,y, z} and = {(x, y) (x, 2) (3, X)}:
f:X—-X)
Solution : (i) IfA={a,b,c}andf={(a,c)(b,c)(c,b)}
(f:A—>A).
Givenf:A—> A
A A
This is a function. Since
different elements of A does
‘ . not have different images in
(=<, A.
.. fis not one-one.
Here
Co-domain = {a, b, ¢}
But Range = {b, ¢}

fis not onto since co-domain # Range.

(i) IfX={x,y, z} and f= {(x, y) (x, 2) (3, ¥)}:
f: X—>X)

Given f: X —» X
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X X (iv) one-to-one and onto.
A B
< f 1 a
\ <]
> 2 b
3 > C
4 d
fis not a function since the element x have
two images namely y and z. Let i A — B defined by
5. LetA={1,2,3,4} and B = {q, b, ¢, d}. Give a f=1{1,a)(2,b) 3, ¢) (4. d)}

Solution : (i)

(i)

function from A — B for each of the following :
(i) neither one- to -one and nor onto.

(ii) not one-to-one but onto.
(iii) one-to-one but not onto.
(iv) one-to-one and onto.

neither one- to -one and nor onto.

A B

—

|
—

Let /= {(1,5) (2,0) (3, ¢) (4, )}
Different elements in A does not have different
images in B
.. fis not one-one
Now, Co-domain = {a, b, ¢, d},
Range = {b,c} = Co-domain # range
. f'is not onto. Hence f'is neither one-one and nor
onto.
not one-to-one but onto.
Given A= {1,2,3,4},and B= {a, b, ¢, d}
Letf :A— B.
The function does not exist for not one-one but onto.
Since f= A — B, fis onto = f'must be one one since
n(A)=n(B)
(iii) one-to-one but not onto.
The function does not exist for one-to-one but
not onto.
Since f: A— B, fis one-one = f must be onto

[ n(A) = n(B)]

orders@surabooks.com

Here different elements have different images
... fis one-to-one.

Also Co-domain = {a, b, ¢, d} = Range.

.. fis onto.

.. fis one-to-one and onto.

6. Find the domain of —.
1-2sinx
Solution : Letf(x) = —.
1-2sinx
When the denominator is 0,
1-2sinx =0 =1=2sinx
T
= sinx = — = sinx=sin —
2 6
i
= X =nn+(—1)”gneZ
[sinx=sina=>x=nn+(-1)"0o,neZ]
Domain of /(x) is R — (nn +(=1)" %) ,NEZL
7. Find the largest possible domain of the real valued
] V4 - x?
function f(x) = .
x2-9
. 4-—x?
Solution : Given f(x) =
x* -9
Whenx = 2,f(x)=0
Whenx = -2,f(x)=0
For all the other values, we get negative value in the
square root which is not possible.
o Domain = ¢
1
8. Find the range of the function .
2cosx —1
[Govt. MQP - 2018]
Solution : Range of cosine function is —1 < cos x < 1.

= -2<2cosx<?2 (Multiplied by 2)
= 2 -1<2cosx—-1<2-1

= -3<2cosx—-1<1
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—1> 1 >1
S S
3 2cosx—-1 1

= S

. Range of f(x) is (_m,_%] U[l,e0)

9. Show that the relation xy = -2 is a function for a
suitable domain. Find the domain and the range

of the function.
Solution : Given relation is xy =—2.

2
= x = —-=
Yy
2 2
Now f(x,) = f(x) = ——=—-—
1 V)
1 1
: I— f— — :> p—
Y1 y, TR

.. fis a one-one function

The element 0 € the domain will not have the image.

.. Domain =R — {0} and Range =R — {0}.

10. If £, g : R — R are defined by f (x) = |x| + x and

gx)=|x|-x,findgofandfog.

Solution : Givenf(x) = |x|]+x
x+x=2x if x>0
B {—x+x:0 if x<0
gx) = Kl-x
x—x=0 if x=0
B {—x—x:—Zx if x<0
Now, fog () = f(g(x)
f() if x>0
{f(—Zx) if x<0
2x0=0 if x=0
= Jog () = {2(—2x)=—4x if x<0
g(2x) if x20
and gof" (x) —g(f(X))—{ 2(0) if x<0
0if x>0
p gof @ = {0ifx<0

= gof(x) = Oforallxe R.

11. If £, g, h are real valued functions defined on R,
then prove that (f+ g) oh =f o0 h+ g o h. What can

you say about fo (g + h)? Justify your answer.
Solution :
(i) Since f, g, h are functions from R — R,
(f+g) oh: R = R and foh + goh: R — R.
For any x € R,

orders@surabooks.com

12.

[(f+g) oh](x) = (f+g) (h(x))
= [(h(x)) + g(h(x))
= Joh(x) + goh(x)
S (frgoh = foh+ goh
(i) Alsofo(g+ h)= fl(g+ h)(x)] forany x € R
= flg() + h(x)]
= flgx) + fh(x))
= Jog(x) + foh(x).
~fo(g+h) = fog(x)+ foh(x).
If f: R — R is defined by f{x) = 3x — 5, prove that
fis a bijection and find its inverse.
[Govt.MQP & Qy- 2018]

Solution : Lety = 3x-35.
y+5
= y+5 = 3x=> T =X.
Letg(y) = yT—i-S
gof(x) = g(f(x)) =gBx-5)
x-F+F_Bx_
y+5
Also fog(y) = f(g)=r1 (T)
- 3(%5)—5:y+5_5=y.
Thus gofix) = Ix and fog(x)=1Iy.

13.

Where [ is identify function.
This implies that f'and g are bijections and inverses
to each other.

. . . y+5
Hence f'is a bijection and /' (y) = BN

. x+5
Replacing y by x we get,f!(x) = =

The weight of the muscles of a man is a function
of his body weight x and can be expressed as
W(x) = 0.35x. Determine the domain of this
function.

Solution : Given W(x) = 0.35x

14.

Solution :

(Note that x is positive real numbers)

W) = 0,W()=0.35,

W@2) = 7, W(e) =00
Domain (0, o) Range (0, o)
The distance of an object falling is a function of
time 7 and can be expressed as s(f) = —16¢*. Graph
the function and determine if it is one-to-one.
Givens(t) = —16t?
Now, s(t,) = s(z,)
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= —16t12 = —16t22 = 3738

= ¢ 12 = f22 16. A salesperson whose annual earnings can be

= Tt = 14 represented by the function A(x) =30,000 + 0.04x,

Since s(1,) = s(t,)#t,=t,, where x is the rupee value of the merchandise he

the function s(#) is one-one. sells. His son is also in sales and his earnings are

Graph of s(f) = 1622 represented by the function S(x) = 25,000 + 0.05x.

Find (A + S) (x) and determine the total family

Let X - axis represents the time and Y - axis income if they each sell T1,50,00,000 worth of

represents the distance.

T merchandise.
s(t,) 2 7116 :116 724 :624 . Solution : Given A(x) = 30,000 + 0.04 x
S(x) = 25,000 + 0.05 x.
07 A(A+S)(¥) = 30,000+ 0.04x+25,000+0.05
0t — 55,000 + 0.09
40__ Givenx = %1,50,00,000
Then Family income is = 55,000 + 0.09 (1,50,00,000)
50T = 55,000 + 13,50,000
60T = 14,05,000
S Hence total family income = ¥ 14,05,000.
0 i s 17. The function for exchanging American

(S D
(1’ —1 6) (tlme)

|

|

|

|

1

1

1

|

|

|

|

1

1

1

|

|

|

|

1

1

1

|

|

|

|

1

1

1

|

|

|

|

l
i \ dollars for Singapore Dollar on a given day is
: f(x) = 1.23x, where x represents the number of
1 American dollars. On the same day the function
| for exchanging Singapore Dollar to Indian Rupee
| is g(») = 50.50y, where y represents the number
i of Singapore dollars. Write a function which will
: give the exchange rate of American dollars in
1
1
1
|
|
|
|
1
1
1
1
|
|
|
1
1
1
1
|
|
|
|
1
1
1
|
|
|
|
1
1
1
|
|
|
|
|

terms of Indian rupee.

(=2, -64) (2, -64)

Solution : Given f(x) = 1.23x where x represents
the number of American dollars and

SR

g(y) = 50.50y where y represents the number

N it .
of Singapore dollars.
15. The total cost of airfare on a given route is American Singapore Indian
dollars dollars rupees

comprised of the base cost C and the fuel
surcharge S in rupee. Both C and S are functions
of the mileage m; C(m) = 04 m + 50 and
S(m) = 0.03 m. Determine a function for the total
cost of a ticket in terms of the mileage and find
the airfare for flying 1600 miles.

Solution :  Given cost function and fuel surcharge
function are as follows:
c(m) = 04 m+50
and s(m) = 0.03 m.
.. Total cost of a ticket = c(m) + s(m)
S fx) =04m+50+0.03m

To convert American dollars to Indian rupees, we
have to find out go f(x)

~ogofix) = g(fix)) =g(1.23x)
= 50.50[1.23x] = 62.115x
~.The function for exchange rate of American

=043 m+50 dollars in terms of Indian rupee is gof(x) = 62.115x.
Given m = 1600 miles
Airfare for flying 1600 miles = 0.43(1600) +50
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18. The owner of a small restaurant can prepare

a particular meal at a cost of Rupees 100. He
estimate that if the menu price of the meal is x
rupees, then the number of customers who will
order that meal at that price in an evening is
given by the function D(x) = 200 — x. Express his
day revenue total cost and profit on this meal as
a function of x.

Solution : Number of customers = 200 — x

Cost of one meal = %100
Total cost = 100 (200 —x)
Revenue on one meal X
Total revenue x (200 —x)
Profit Revenue — Cost
= ¥ x(200 —x) 100
(200 —x)
= ¥ (200 —x) (x — 100)

19. The formula for converting from Fahrenheit to

5x 160
Celsius temperatures is y = Tx et Find the

inverse of this function and determine whether
the inverse is also a function.

Solution : Letfix) = >x _9160
Gi ~ 5x 160 ~ 5x-160
iveny = 7 g = V= 9
Then9y = 5x-160
9y +160
= 5x = 9y+160=x= 5
9y +160
Letg(y) = -

5x—-160
Now goflx) =  glf(x)] = g(T)

g(Sx—l60)+160

. g
5
_ 5x—}66+}66:ﬁ=x
5 4

9y +160
and fog) = figr) =/ (%)

/5/(9y;160)_160

9

9y+160 — 160 _
9

y

Thus gof = 1 and fog= L.

orders@surabooks.com PH:

This implies that f'and g are bijections and
inverses to each other.

9y +160

-1 2yrov

S s

9x+160 B 9x

5 5

20. Asimple cipher takes a number and codes it, using
the function f{x) = 3x — 4. Find the inverse of this
function, determine whether the inverse is also
a function and verify the symmetrical property
about the line y = x (by drawing the lines).

Solution : Given f(x) = 3x—4
Lety = 3x-4=y+4=3x

Replacing y by x, we get f~!(x) = +32

I A
3
Let g(y) = yTM.
Now gof (¥) = g(/lx) = gB3x —4)
_ BoAA x|
3 3
4
and fog (v) = f(g() =/ (%)

+4
- A2t h A
Thus, gof (x) = 1 and fog (y) = L.

This implies that f and g are bijections and
inverses to each other.

C e . +4

Hence fis bijection and f~!(y) = yT

: -] _ X+ 4
Replacing y by x, we get /' (x) = o

fl)=3x—-4
= miang i Laiae i e 173
1o |4 [-1]2

j
_y,

Hence, the graph of y = ~!(x) is the reflection of the graph
of finy=x
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EXERcIsE 1.4 X+l

(i)

1. For the curve y = x’given in figure draw,
i y==° (i) y=x*+1
(i) y=x>-1 (iv) y=(+1)*

with the same scale.

Solution : (i) y=-x>.

Let f{x) = x*
Since y = f(x) — 1, this is the graph of f(x) shifts to
the downward for one unit.

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
T :
=x3 1
I} /y 1 ___@
1
1
> 1
-3 2 - X 1
1 1 4
" 1
/ 1
3 1
l :
1
1
1
1
1
1
® 8 1 Let flx) =x°
1 1 — L .
. Since y = flx) + 1', this is the graph of f{x) shifts to the
1 upward for one unit
: @) y=x-1
1 mEmEamE: mmsmmamE: Hmsmmsmas mmsmmmm=s mesmmEme! Sj
1 x| 0| 1|1 22
: y|-1]o]=2] 7]
1
| 8
1
1
1
1
1
1
1
1
I \ i
1 o
1
1
1
1
1 a
Let f{x) = x° : 6
Since y = —f(x), this is the reflection of the graph of fabout ! ﬁ
the x-axis I i
1 | 10
! I
1 I
i il
1
1
1
1
1
1
1
1
1
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1
Solution : (1) y=-x3

(iv) y=@+1)> [Govt.MQP - 2018]

1 1
Then y=x*+1 is the x graph of y=x3 shifts to the
upward for one unit.

1
1
1
1
1)-1]2]-=2 | 3
8|0 ]27]—1 =
1 -
. 4
1
1
1 gz e In:
4 :
H I
1
1
1
/ 1
! :
1
gt 1
S5e: S5t 1
1
1 1 1
: Then y =—x3 is the reflection of the graph of y = x3
3 I about the x-axis.
i :
| 1
5 L) y=x7+L
2 . i
Let fix) = x3 !
¥=(x+ 1) causes the graph of f(x) shifts to the left |
for one unit. I
1
1 1
= 1
2. For the curve, y=x? given in figure draw. I
1
1 1
(i) y= _x(f’) (ii) y= x(S) +1 :
0y ) N 3
(iiiy ry=x"- (iv) (x+1)5 | 3 et
1
y :
‘2’ y=x!8 : i
o 1
1 1
1
-3 2 -1 X !
1 1
1
2 1
5 1
- 1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
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3. Graph the functions f(x) =x* and g(x)= Yx on
the same co-ordinate plane. Find fog and graph
it on the plane as well. Explain your results.

Solution :  Given functions are f(x) = x> and g(x) = X3

Now, fog(x) =flg(x)) = f (xé) = ( x3 )5 =x

A

1

Then y=x? —1 is the graph of 3 shifts to the downward

for one unit.

(iv) y=(x+ l)é

Since fog(x) = x is symmetric about the line y = x, g(x) is
the inverse of f(x) ..g(x) = f'(x).

4. Write the steps to obtain the graph of the function
y=23 (x-1)> + 5 from the graph y = x2.

Solution : Step 1: Draw the Graph of y = x?

{x]0

[

2

—2

iR

S84 18 da:

1
y=(x+1)3, it causes the graph of x

for one unit.

orders@surabooks.com

1

3 shifts to the left Step 2

The graph of y =(x —1)?, shifts to the right for 1 unit.
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Step 3 : .

ess =sin| — +
The graph of y = 3 (x — 1)%, compresses towards the (i) y=* (2 x)
Y - axis that is moves away from the X-axis since

the multiplying factor is 3 which is greater than 1.
Step 4 :

The graph of y = 3 (x — 1)> + 5, causes the shift to
the upward for 5 units.

5. From the curve y = sin x, graph the functions.
(i) y=sin(=x) (i) y = —sin(-x),

e
(i) r= sm(; +x ) which is cos x.

L
i =sin| ——x ichi (T Py
vy (2 ) which s also cos x. Then y = SIH(E + X) it causes the shift to the left for E

(refer trigonometry) units.
Solution :

(i) y=sin () @iv) y= sin(g =3 x)

< \ : : / >
i 21 =3 R 0 T 3_75 21 :
2 ) 2
= £t

; =ginfle——=h-|=¢cos%
y > (2 x)

Then y = sin(—x) is the reflection of the graph of sin x,
about y-axis.

T

Then y = sin (E - x) causes the shift to the right for

. . 2 2
(i) y=-sin(-x)

unit to the sin(—x) curve.

UJ

:l

|

)
N|=|--

fm)
oS-

£ inalv B i)

y = —sin(—x) is the reflection of y = sin(—x) which is same

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

[ 1

asy Sin x. .

1

1

1

1

1
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6. From the curve y =x, draw

®H y=—x
(iii) y=x+1
v) 2x+y+3=0.

(i) y=2x
1
(v) y=x+1

Solution :  Graph of y = x and

Hy=-x

(i) y=x+1

iB
—>

The graph of y = x + 1, causes the shift to the upward for

one unit.

the X - axis.
(i) y=x+1

1
V) y=gx+l

1 uEnas: nimzsunss tatausasat ia éiiiﬁ SREsass tnunnasass insmunzuns|

S0 NS

S

1
The graph of y = 5 x + 1, stretches towards the X-axis

Y

The graph of y = 2x compresses towards the Y-axis that is
moves away from the X-axis since the multiplying factor

is 2, which is greater than 1.

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
Graph of y =—x is the reflection of the graph of y = x about !
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
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1
since the multiplying factor is 5 which is less than one

and shifts to the upward for one unit.
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V) 2x+y+3=0.
=>y=—2x-3

@) y=k+1-1

>

W B

REnt TaENRSuRa: tuRsasasut sasATuE= caRsumasmtinsassusy’ camsunmam izun

EEETARES :

The graph of y = |x + 1| —1, shifts to the left for one unit
and causes the shift to the downward for one unit.

(i) y=|+2/-3

The graph of y = —2x — 3, stretches towards the X-axis
since the multiplying factor is — 2 which is less than one
and causes the shifts to the downward for 3 units.

i y=kx-1+1 (@) y=x+1/ -1
(iii) y=|x+2|-3.
Solution: (i) y=|x-1]+1

The graph of y =[x + 2| -3, shifts to the left for 2 units and
causes the shift to the downward for 3 units.

t v
I ¥

The graph of y = |x — 1] +1, shifts to the right for one unit

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
7. From the curve y = |x|, draw 1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
and causes the shift to the upward for one unit. :
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8. From the curve y = sin x, draw y = sin |x|
(Hint: sin(—x) = —sin x.)
y=sin x|

Solution :

We k xif x20
e know |x| = i
d -xif x<0
sosinfx] = sinxifx 20
and sin [x| = sin (—x) =—sinx ifx <0.

The graph of y = sin (—x) = — sinx is the reflection of the
graph of sin x about Y - axis.

EXERCISE 1.5

CHOOSE THE CORRECT OR THE MOST
SUITABLE ANSWER.

1. IfA={x,y):y=¢€%x<c R} and B = {(x, y) :
y=e*,xec R} then n(A N B)is [First Mid - 2018]
(1) Infinity (2) 0 3) 1 4 2

Hint : n (ANB)=1 [Ans : (3) 1]

2. IfA={(x,y):y=sinx, x€ R} and B={(x, ) :
y=cosXx, x € R} then AN B contains
(1) [Govt. MQP - 2018]
2)
3)
4)

no element
infinitely many elements
only one element
cannot be determined.
[Ans : (2) infinitely many elements]
3. The relation R defined on a set A = {0,-1, 1, 2} by
xRy if |x? + y?| < 2, then which one of the following
is true?
(1) R= {(Oa O)a (0:_1)5 (Oa 1)5 (_1’ 0)5 (_1: 1): (1a 2)a
(1,0}
(2) R71 = {(O’ O)a (0371), (0, 1)5 (715 0)7 (1> O)}
(3) Domain of Ris {0,-1, 1, 2}
(4) Range of Ris {0,~1, 1}
Hint : Sincelx> +)? | <2, x,y must be 0 or 1

[Ans : (4) Range of R is {0, -1, 1}]

orders@surabooks.com

4. Iffix)=|x-2|+|x+2|,x € R, then

“2x if xe&(-o0,-2]
() =19 4 if  xe(-2,2]
| 2x if xe(2,%0)
[ 2x if  xe(—e0,-2]
(2) fi)=1 4 if  xe(-2,2]
[—2x if x€(2,00)
[2x if  xe(—o0,-2]
B) )= -4 if  xe(-2,2]
| 2x if x€(2,00)
[2x if  xe(—o0,-2]
(4) fy=9 2 if  xe(-2,2]
| 2x if x€(2,)
Hint : Let x € (—o0, -2),
letx = -3 then
f(x) = |-5|+|1|=6=-2x
xe(-2,2),letx = 0then
fx) = [0=2/+|0+2|=4
x€(2,),letx = 4then
S@x) = 2[+]6]=8=2x
—2x if xe€(-o0,-2]
[Ans: (1) fix)=1 4 if  xe(-2,2]]
2x if x€(2,0)

5. Let R be the set of all real numbers. Consider the
following subsets of the plane R x R: S = {(x, y)
ty=x+tland 0<x<2}and T={(x,y): x—yis
an integer}. Then which of the following is true?

(1) T is an equivalence relation but S is not an
equivalence relation.

(2)  Neither S nor T is an equivalence relation

(3) Both S and T are equivalence relation

(4) S is an equivalence relation but T is not an

equivalence relation.
Hint : x—y is an integer = xRy

(i) x —x=01isan integer. .. xRx reflexive

(i) (x—y)isaninteger = y —x is also an integer
= symmetric

(i) If (x —y)is an integer = y —z is an integer by

adding x — z is also an integer.
. T is equivalence.
(iv) y =x + 1 = xSx is not true. S is not an
equivalence relation.
.. T is an equivalence relation but S is not.
[Ans : (1) T is an equivalence relation but S is not an
equivalence relation]
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6. Let A and B be subsets of the universal set N, the

set of natural numbers. Then A’U[(ANB)UB'] is
[First Mid - 2018]
(1 A 4 N

Hint :

2 A

(3) B

222

7
/

AU (ANB)
) U E
3 ///% P

a

77777 /

/ J K

(ANB)UB’

7. The number of students who take both the
subjects Mathematics and Chemistry is 70. This
represents 10% of the enrollment in Mathematics
and 14% of the enrollment in Chemistry. The
number of students take at least one of these two
subjects, is

(1) 1120 (2) 1130
(3) 1100 (4) insufficient data
Hint : MNC = 70
Which is 10% of M and 14% of C
M = 700
C = 500
MuC = 700+500-70=1130

[Ans : (2) 1130]
8. TIfn((AxB) N (AxC))=8andn(B ~ C)=2, then

n(A) is
(1) 6 2) 4 3) 8 4) 16
Hint : AxB)n(AxC) = Ax(BNCOC)
n[(AxB)ymn(AxC)] = 8
A(BAC) = 2
n(A) = 4 [Ans : (2) 4]
9. 1Ifn(A)=2and n(B u C) =3, then
n[(AxB)uU (AxC)]is [Qy - 2018]
(1) 2° 2 3 (3 6 “4 5
Hint : n[(AxB) U (Ax C)} = n(A) x n(Bu C)
=2x3=6 [Ans: (3)6]

10. If two sets A and B have 17 elements in common,
then the number of elements common to the set
AxBandB x Ais
(1) 217
(3) 34

2 177
(4) insufficient data

orders@surabooks.com
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Hint : LetA = {1,2,3,4}
B = {5,2,3,6}
A and B have two elements in common
Number of elements common to A X B
andBxA = 2x2=22
Similarly here we have 17> elements common
[Ans : (2) 177]

For non-empty sets A and B, if A c B then
(A xB) " (B x A) is equal to [Hy- 2018]
(1)AnB (2) AxA
(3) BxB (4) none of these.
Hint : LetA = (a, b)) B=(a, b,c)
AXxB = {(a,a),(a, b)(a,c)(b,a)(bb)(b,c)}
BxA = {(a,a),(a,b) (b,a),Db)(ca)(c b)}
(AxB)n (B xA)={(a, a), (a,b) (b, a) (b,D)}
=AxA [Ans : (2) A x A]

12. The number of relations on a set containing 3
elements is [Govt. MQP & First Mid - 2018]

11.

1) 9 @) 81 (3) 512 (4) 1024
Hint : LetS = {a,b, c}
n(S) = 3= n(SxS)=9

Number of relations is 7 {P(S x S)} =27 =512
[Ans : (3) 512]

13. Let R be the universal relation on a set X with

more than one element. Then R is

(1) not reflexive (2) notsymmetric

(3) transitive (4) none of the above
Hint : LetX = {a,b c}

Then R = Universal relation

{(a, a), (a, b) (a, ¢) (b, a)
(b,D) (b, ¢) (c,a) (¢, b)(c, ©)}

[Ans : (3) transitive]
14. LetX={1,2,3,4} and R={(1,1),(1,2),(,3),(2,2),
(3,3),(2,1),3,1), (1, 4),(4, 1)}. Then R is
[First Mid - 2018]
(2) symmetric
(4) equivalence

It is transitive

(1) reflexive
(3) transitive

Hint : (4,4) € R not reflexive
Symmetric can be easily checked = if aRb then
bRc. [Ans : (2) symmetric]

1
15. The range of the function ———— s
1-2sinx

1 1
o eonofe) o (1)

1 1
3) [_1’5] (4 (oo, 1]V [g,w)

Hint : —1<sinx<1

-2<2sinx<2
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2>-2sinx =>2-2
(or)2<2sinx < 2
1-2<1-2sinx < 1+2
<3

1

Adding, 1,
-1<1-2sinx
1>t >
1-2sinx 3
ls ;Sfl Range is (-0, —1] U l:l oo)
3 1-2sinx 3

[Ans : (4)(—oo, —1] U[%,W)]

16. The range of the function fix) = |L.x]— x|, x € Ris

(1) [0,1]  (2) [0,) (3) [0,1) (4) (0,1)
Hint : fx) = |Lxel-x]
fx) = lxl-x
70) = 0-0=0
7(6.5) = 6-65=-5=.5
f(-72) = 8-72=28

Range is [0,1) [Ans : (3) [0,1)]

The rule f{x) = x? is a bijection if the domain and
the co-domain are given by

(I) R,R (2) R,(0,)

(3) (0.o)R (4)  [0,00); [0,90)

Hint : The domain is (0,)

The codomain is also (0,0)[Ans : (4) [0,00); [0,00)]

17.

18. The number of constant functions from a set
containing m elements to a set containing n
elements is

(1) mn 2) m
Hint : By definition it follows
19. The function f :

fix) =sinx is

(1) one-to-one

(3) bijection
Hint : It is onto not one-one

(3) n 4) m+tn
[Ans : (3) n]
[0, 2] — [-1, 1] defined by

[Govt. MQP - 2018]
(2)

onto
(4) cannot be defined

N[ — DN~

since sin 30°

sin 150° = [Ans : (2) onto]

20. If the function f: [-3, 3] — S defined by f{x) = x?
is onto, then S is
199 @ R (3 [3,3] 4 [0,9]
Hint : /(0)=0,7(-3)=9and /(3) =9 [Ans : (4) [0, 9]]
21. LetX={1,2,3,4},Y = {a, b, ¢, d} and f= {(1, a),
4, b), (2, ©), (3, d), (2, d)}. Then fis
(1) an one-to-one function
(2) an onto function

(3) afunction which is not one-to-one
(4) not a function

orders@surabooks.com

Hint : It is not a function since it has two images.

[Ans : (4) not a function]

x if x<l1
22. The inverse of f{x) = x? if 1<x<dis
8\/; x>4
x if x<l1
Jx o if 1<x<16
M w=1"
T if x>16
64
[—x if x<l1
Jxoif 1<x<16
@ /1 @=1"
Zif x>16
| 64
[ if x<l
. Jxoif 1<x<16
3 ="
i x>16
| 64
[ 2x if x<l1
Jx if 1<x<16
@@=
% it x>16
Hint : (I)Lety = xthenx=y=7"'(x)=x
Lety = x?then
y = Jx =/ (x)—f
2
Lety = 8xthen 2= x=f- 1(x)——
64
x if x<l1
i <x<
Ans: (1) (=] V% i 15316
if x>16
64
23. Letf:R — R be defined by f{x) =1 — |x|. Then the
range of fis [Govt. MQP; Qy & Hy - 2018]
() R (2) (L,e0)
(3) (=1,00) (4) (=, 1]

Hint : /: R — R defined by
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Jx) = 1-[x 1
The range is (—oo, 1], f(—0) = —oo 2. Letf: R — R to given by f(x) = (3—x3)3 . then
SO = 1 fof (x) is [Qy - 2018]
fleo) = —eo 1
[Ans : (4) (oo, 1]] (1) x@ 2 x (3) «x (4) 3 —x“
24. The function f : R — R is defined by |
f(x) =sin x + cos x is Hint :  fof(x) = fl:(3 _ 3 )5]
(1) an odd function 3 .
(2) neither an odd function nor an even function = (-B-¥0"=x (Ans: ()]

(3) an even function
(4) both odd function and even function.

Hint : f(x) = sinx+cosx
f(=x) = sin (—x)+ cos (—x)
= —sinx+cosx
—f(—x) = sinx—cosx

f(x) is neither odd function nor even function.
[Ans : (2) neither an odd function nor an even function]

25. The function f : R — R is defined by
69 (x2 +c0sx)(1+x4)
x) = -
(x—sinx)(2x - x?)
(1) an odd function
(2) neither an odd function nor an even function

(3) an even function
(4) both odd function and even function.

e_|x| i

S

L _ (x2 +cosx) x|
Hint: /0 = @
() (—xz) + cos(—x) —xl

T [—x—sin(=0)][-2x — (~x)°]

2
_ x + Ccosx . + e—\x\ — f(x)
(x—sinx)2x—x")
Here f(x) is even function.
[Ans : (3) an even function]

iR R R R
ADDITIONAL PROBLEMS
SECTION - A
CHOOSE THE CORRECT OR THE

MOST SUITABLE ANSWER.

1. Letf: R — R be defined as f(x) = x*. Choose the
correct answer. [Qy - 2018]

(1) fisone-oneonto (2) fisonto
(3) fis one - one but not onto
(4) fis neither one - one nor onto

[Ans : (4) f'is neither one - one nor onto]

orders@surabooks.com
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3. LetA={2,-1,0, 1,2} and f: A — Z be given by
flx) = x*~2x-3 then preimage of 5 is

[First Mid - 2018]

@ -1 (3 0 1

f(2) = (2 -2(2)-3

= 4+4-3=5[Ans:(1)-2]
4. TfA={x,ply=¢€xe|0, o)}and B = {(x, y)y
= sin x, x € [0, «)}then n(A N B) is [March - 2019]

(1) e @1 B o @ O
Hint : n (ANnB)=0 [Ans : (4) 0]

() -2
Hint :

5. If: R — R is defined by f{x) = |x| — 5, then the
range of f'is: [March - 2019]

(1) (ee,=5) 2) (=5
) [-5) @ (5, )
Hint: 0<|x|<o,xe R

0-5<|x|-5<ee
—5<x|-5<e [Ans : (3) [- 5, o)
6. Which one of the following is a finite set?
(1) {x:xe Z,x<5}
2) {(x:xe W,x>5}
3) {x:xe N,x>10}
(4) {x:xis an even prime number}
Hint : {x : x is an even prime number} = {2}
[Ans : (4) {x: x is an even prime number}]

7. IfAcCB,then A\Bis

B

(1) B 2 A () 9 “4) n
Hint : If A ¢ B, then every element of A is element of
B, So %is <. [Ans : (3) ]

8. Given A= {5, 6,7, 8}. Which one of the following
is incorrect?

(1) A 2) AcA
(3) {7,8,9cA 4) {5}cA
Hint : 9¢A,So{7,8,9! £ A[Ans:(3){7,8,9} C Al
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9. The shaded region in the adjoining diagram
represents.

(1) A\B (2) BAA (3) AAB (4) A’
Hint: (A-B)U(B-A)=AAB  [Ans: (3)AAB]

A B

10. The shaded region in the adjoining diagram
represents.

(1) A\B

)

2 A 3) B

A B
Let R be a relation on the set N given by
R={(a,b): a=b—-2,b>6}. Then
(1) 2,49)eR 2) (3,8)€R
(3) (6,8 e R 4) @ 7eR
Hint: 6=8-2=6=6 [Ans : (3) (6, 8) € R]

(4) B\A
[Ans : (4) B\A]

)

11.

12. IfA=1{1,2,3},B={1,4, 6,9} and R is a relation
from A to B defined by “x is greater than y”. The
range of R is

(1) {1,4,6,9}
(3) {1}
Hint : {2, 1),(3, 1)}

2) {4,6,9}
(4) none of these

[Ans : (3) {1}]
13. For real numbers x and y, define xRy if x—y + /2

is an irrational number. Then the relation R is

(1) reflexive
(3) transitive

Hint: x R x = /—/4‘\/5:\/5, irrational R is
reflexive. [Ans : (1) reflexive]

(2) symmetric
(4) none of these

14. Let R be the relation over the set of all straight
lines in a plane such that /|R/, < [, 1 [,. Then R is

(1) symmetric
(3) transitive

Hint : L1lL= 111

= R is symmetric

(2) reflexive
(4) anequivalencerelation

[Ans : (1) symmetric]

orders@surabooks.com

15. Which of the following is not an equivalence
relation on z?
(1) aRb & a+ b is an even integer
(2) aRb < a— b is an even integer
(3) aRb= a<b
4) aRbsa=b

Hint : a not less than a.
-.aRb ab is not an equivalence relation.

[Ans : 3)aRb < a<b]

16. Which of the following functions from z to itself
are bijections (one-one and onto)?

(1) flx)=x ) f)=x+2
(B) f)=2x+1 @) fl)=x"+x
[Ans : 2) f(x)=x+2]
X, .
—if xiseven
Let f: Z — Z be given by f(x) = § 2
Then fis 0if xisodd
(1) one-one but not onto
(2) onto but not one-one
(3) one-one and onto
(4) neither one-one nor onto
Hint : /(3) =/(5) = 0. Hence f'is not one-one.

[Ans : (2) onto but not one-one]
18. If f: R — Riis given by f(x) = 3x — 5, then f!(x) is
1 x+5
)] 2
3x-5
(3) does not exist since f'is not one-one
(4) does not exists since f'is not onto

17.

Hint : y = 3x-5
y+5
= - = x
3 y+5
= g = T3
= glx)y = x;rS [Ans : (2) x-;—S]

19. If f(x) = 2x — 3 and g(x) = x> + x — 2 then gof(x) is
(1) 2(2x* = 5x+2) (2) (2x*-5x-2)
(3) 2(2x*+5x +2) 4) 2x*+5x-2
Hint : gof(x) = (2x-3)2+2x-3-2
4°+9-12x+2x -3 -2
= 1(2x*-5x+2)
[Ans : (1) 2(2x* — 5x + 2)]
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- m—n = 12k
20. Letf:R — Rbegiven by f(x) =x+ vx" is andn—p = 12/ for some integers & and /.
(1) injective (2) surjective Som—p = 12(k+1I)and hence mRp.

(3) bijective (4) none of these
[Ans : (4) none of these]

Hint : fis neither one - one nor onto.

21. Choose the correct statement.

(1) One-to-one function have inverse
(2) Onto function have inverse

(3) bijection function have inverse

(4) many - to - one function hae inverse

[Ans : (3) bijection function have inverse]

22. Match List - I with List IT
List I List II
1. {(1,1),(2,2),(3,3)(1,2)} (a) equivalence
ii.  {(1,2),(2,1),(2,3),(3,2)} (b) transitive
i, {(1,2), (2,3), (1,3)} (¢) Symmetric
iv.  {(L,1),(2,2),(3,3),(1,2), (d) reflexive
(2,1),(2,3), (1,3)}
The Correct match is
0 G Gi) (v
(1) c d b a
(2) d c b a
3) b a d c
4) b a b c
[Ans : (2)i—d ii—c iii—b iv—a]
SECTION - B
1. If n (AnB) = 3 and n (AUB) = 10 then find n
[P(AAB)] [Qy - 2018]
Solution: n(AAB) = n(AUB)—n(ANB)
n(AAB) = 10-3=7
n(P(AAB)) = 27=128

2. In the set Z of integers, define mRn if m — n is
a multiple of 12. Prove that R is an equivalence
relation. [Govt. MQP & Qy - 2018]

Asm—m =0and 0 =0 x 12, hence mRm

proving that R is reflexive.

Solution :

Let mRn. Then m —n = 12k for some integer
k; thus

n—m = 12(—k) and hence nRm.
This shows that R is symmetric.

Let mRn and nRp; then

orders@surabooks.com

This shows that R is transitive.

3. Draw the curves of (i) y =x? + 1 (ii) y = (x + 1)? by
using the graph of curve y =x. [Hy - 2018]

3z /

Solution : \

* N3

—

Y3 2+ 1
[~

—1 X

f(x) =x>"" causes the graph of the function
f(x) = x? shifts to the upward for one unit.

f(x) = (x + 1) causes the graph of the
function f(x) = x? shifts to the left for one unit.

4. Find the number of subsets of A if
A={X:X=4n+1,2<n<5, ne N}[First Mid - 2018]
Solution : ClearlyA = {x:x=4n+1,n=2,3,4,5}
n =2=42)+1=8+1=9
n =3 =403)+1=12+1=13
n =4 =4@+1=16+1=17

n =5=40)+1=20+1=21
A = {x:x=9,13,17,21}
Hence n(A) = 4. This implies that
n(P(A)) = 2*=16.

5. Letf={1,4) (2,5 @3,5}andg={4, 1) (5, 2)
(6, 4)} find gof. Can you find fog? [First Mid - 2018]
Solution : Clearly, gof = {(1,1),(2,2),(3,2)}
But fog is not defined because the range of

g = {1, 2,4} is not contained in
the domain of
S o= 11,23}

6. Define one to one function? [First Mid - 2018]

A function is said to be one-to-one if each
element of the range is associated with
exactly one element of the domain. i.e. two
different elements in the domain(A) have
different images in the co-domain(B).

7. IfA=1{1,2 3, 4 and B = {3, 4, 5, 6}, find
n ((AUB) x (ANB) X (AAB)).  [Govt. MQP- 2018]

Solution :

Solution : We have n (AU B) = 6,
n(AnB) = 2and
n(AAB) = 4
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MATRICES AND
DETERMINANTS

Matrix
Order of Matrix

Column Matrix
Row matrix

Square matrix
Diagonal matrix
Scalar matrix
Unit matrix
Triangular matrix

Singular and

Non - Singular Matrix :

MUST KNOW DEFINITIONS

A matrix is a rectangular array or arrangement of entries or elements displayed
in rows and columns put within a square bracket [ ].

If a matrix A has m rows and n columns then the order or size of the matrix A is
defined to be m xn.

A matrix having only one column is called a column matrix.
A matrix having only one row is called a row matrix.

A matrix in which number of rows is equal to the number of columns, is called

a square matrix.

A square matrix A = [a. ] is called a diagonal matrix. If a,. = 0 whenever
ijim=n ij

i#j

A diagonal matrix whose entries along the principal diagonal are equal is called

a scalar matrix.

A square matrix in which all the diagonal entries are 1 and the rest are all zero is
called a unit matrix.

A square matrix which is either upper triangular or lower triangular is called a
triangular matrix.

A square matrix A is said to be singular if |A| = 0. A square matrix A is said to be
non-singular if |A| # 0.

Properties of Determinants :

1. The value of the determinant remains unchanged if its rows and columns are interchanged.

If any two rows (or columns) of a determinant are interchanged, then sign of determinant changes.

2
3. If any two rows (or columns) of a determinant are identical, then the value of the determinant is zero.
4

If each element of a row (or column) of a determinant is multiplied by a constant k, then its value gets

multiplied by £.

5. Ifsome or all elements of a row or column of a determinant are expressed as sum of two (or more) terms,
then the determinant can be expressed as sum of two (or more) determinants.

6. The value of the determinant remain same if we apply the operation. R, — R, + kRj orC.—C, + kC].

[223]
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Minor of an element

+ The concept of determinant can be extended to the case of square matrix or order n, n = 4.
LetA= [al.j] n=4.
+  If we delete the i row and j™ column from the matrix of A = [a,]
of order (n — 1), which is called the minor of the element a;
Adjoint |
+ Adjoint of a square matrix A = [al.j]nxn is defined as the transpose of the matrix [Aij]m where Al.j is the
co-factor of the element a

mxn’

xm » WE Obtain a determinant

Solving linear equations by Gaussian Elimination method

+ Gaussian elimination is a method of solving a linear system by bringing the augmented matrix to an
upper triangular form.

- = - -

FORMULAE TO REMEMBER

kA = [aij]m [kal.j]an where £ is a scalar.

-A=(-1HA,A-B=A+(-1)B

A+ B =B+ A, (Commutative property for addition)

(A+B)+C=A+ (B +C), (Associative property for addition)

k(A + B) = kA + kB where A, B are of same order, £ is a constant.

(k+1) A= kA + [A where k and [ are constants.

A (BC)=(AB)C,A(B+C)=AB +AC, (A+B) C=AC + BC. (Distributive law)
IfA=(a),,.,, then AT =(a,

mxn’ ]i)nxm

+ 4+ 4

Elementary operations of a matrix are as follows
(i) R, R orC. < C. (i) R, > kR, or C, > kC._(iii) R, > R, + kR or C, — C,+ kC,
J i J i i i J i i J i i J

+

Evaluation of determinant A = [a,,],,, = |A| = a,,

+ Evaluation of determinant A = = a5y, — a4y,

+

Evaluation of determinant A= |a, b, ¢,|is|A|=aq,

IfA=[a,],,,, then |k - A| =i |A.
ij
A (adj A) = (adj A) A=|A]. I where A is a square matrix of order n.
A square matrix A is said to be singular or non-singular according as |A| =0 or |A| # 0.
Transpose of a matrix: (AN =A, (kA)" =kAT. (A+ B)"=AT + BT, (AB)" =BT AT,

Co-factor of a, of A= (—1)"/ m_ where m_ is the minor of a_..
ij o ij ij i

+ 4+ + 4+ +

|AB| =|A] - |B| where A and B are square matrices of same order.
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| 13i — 4]
X _
TEXTUAL QUESTIONS | 4G =
: _ B4t
EXERCISE 7.1 ! a, A -1 "2
1. Construct an m X n matrix A = [al.j], where a; is | a. = |3_8| _ H _ S
given by ! 12 4 4 4
i) ! 3—-12 -9 9
@) aij:—(l 221) withm=2,n=3 | a;; = | 4 |:|T|:Z
3._4. 1
(ii)aij=|l J with m =3, n =4 ! N el I IR
! 14 4 4 4
Solution : \ o = |3(2)_4(1)| _ |6_4| _2
. . (i-2)) . : “ 4 4 4
(1) Given a;= withm=2,n=3 ! B |3(2)_4(2)| |6—8| 2
we need to construct a 2 x 3 matrix. | "2 4 4 4
(1_2(1))2 (-1 : o S |3(2)_4(3)|_|6_12| 6
“:TZZZ_ ! 23 |()4()| |4| 4
2 ! 3(2)—4(4 6-16 10
0. = (1_2(2)) _ (_3)2 _9 : g — 4 Ty 4
12 1
P e -4 s
(1-2(3)" (-5 25 ! a3 = 4 = 4
A 2 2 2 ! |
33)-4(2) _|o-8| _1
1 _ _ _
o) o : e
: 2 o | O B
_ (20) (2 4 | N 4 44
Ay = 2 2 2 : P |3(3)_4(4)| 9-16] 7
! 4
B ) S S A * o
23 ! v 5/ 9/ 13
R 5% % %
_ 11 12 13 | _ 2 2 6 10
A (aZI an a23] | B = A A 4 A
I 5 v 3/ 7
9/ 25
Py AR
4/ 16 '
0 4 19 | _ 1y 2 6 10
21(1925] s 13 7
200 4 16 . 2. Find the values of p, ¢, r, and s if
3 . CBi-4 E , , 1 0 —4
(i1) leenal.j— withm=3,n=4. | pr-1 0 314 \
1
Let B be a 3x4 matrix with entries as : 7 rel ) =7 2 ?
4 A di3 dy : —2 8 s—1 2 8 —_n
B = tyr dyp 3 Ay | - -
1
1

dz)p d3p d3z Qi
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Substituting x =2 in (1) we get,

1 a
4ty =T=2y=T-4=y=3 Solution : GivenA=[ :|
Lxty=2+3=5 0 1

4. Determine the matrices A and B if they satisfy 2A

B+|
y —4

2

=A

2
-2 1

1+0 a+a]

1 al|ll a 1 2a
0 10 1 0+0 O0+1 0 1
1 2alll 2a
4_ A2 A2
AV= AZA [0 1][0 1]

1+0 2a+2a [1 4a:|
.A4
0+0 0+1 |’ 0 1

PH: 9600175757 / 8124201000 / 8124301000

60 anda-2B=]| >
y 1| MMEATEET

3

(1)

. ) 6 -6 0
Solution : G1ven2A—B+[_4 ) 1]20
-6
.

orders@surabooks.com

4_

6
-2

0

4

= 2A-B

226 Sura’s m X[ Std - Mathematics m» Volume - II m» Chapter 07 m» Matrices and Determinants
Solution : : Ao oiven A 2B (3 2 8:| o
I so given A — =
1 0 -4 -2 1 -7
pr-1 0 31-4 : .

. _ ! -12 12 0
Given 7 r+1 9 =7 % 9 : (1)X224A— B = g A 2:|
=2 8 s—1 -2 8 -m : T -

Since the matrices are equal, the corresponding entries on | 2) = (;&)—é _ 3 2 8
both sides are equal. : -2 1 -7
LpPol=1=p = 2 = p = w2 -
. -15 10 -8
[Equating a,,] : Subtracting, 3A = :|
“3l-¢® = -4 = —¢ = —4+31 [ 10 =5 5
. 1
. [Equating a,5] L _[15 10 -8
— = :> = —
- q3 — 2727_ 33 : 3 10 -5 5
T = _3 =3 ! Substituting the matrix A in (1) we get,
= q9 = — I r 7
_ =30 20 -16 -6 6 0
_3 32372y 0 L B -
Alort1 == r=p-1==2=00 1 3150 1o 410 4 2 -1
|
. : i .
[Equating a,,] | 1[=30 20 -16] [-6 6 0
VA e 1 IS ST Bl IR SR Bl
[Equating a,,] 3 B * o
|
p=H2,q=-3,r=12,s=1-1. - 20 16
I -10+6 —-6 —-0
3. Determine the value of x + ‘f[2x+y 4x]:=»B= ; y
. etermine the value of x + y i
§5x—7 4x| ¢ 20 -10 10
_ =4 /2 —41
=[7 Ty 13:| ) 3 3 3
y x+6 I [, 20-18 16
: _ -
) , 2x+y 4x 7 Ty-13 . _ 3 3
Solution : Given see7 ax|” ), @ : 20-12 -10+6 10+3
: 3 3 3
Equating the corresponding entries on both :
sides we get, : ~ —4 % _1% 112 2 -6
2c+y =7  [Equatinga,]  ..(1)' =B= 8.~ 1y “BE3l s 43
4y =x+6 [Equatinga,,] ..(2)! /3 3 3
|
;{ ! 1 a
From(2),4xfx:6:>3x:6:x:7:>x:2 | 5. IfA=|:0 1:|,thenc0mputeA4.
I
|
|
|
1
1
1
|
|
|
|
1
1
1
|
|
|
|
|
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. . coso.  —sinol
6. Consider the matrix A 0=

4 2
. 7. IfA= [ :' and such that (A - 2I)(A-31) =0,
sino.  cosal -1 x

(i) ShowthatA A,=A

oM (0. +B) find the value of x.
(ii)  Find all possible real values of a satisfying _ (4 2]
the condition A_+A_T=1 Solution : Given A = =
] . Also, (A—21) (A—3I) = 0
. coso.  —sino _ .
Solution : Given A =| . ] 4 2 1 0
sin®,  cosol LA-21 = -2
- 8 inp -1 x 0 1
cosf —sin - -
Ap = sin cosB:| &y -
- C[-1-0 x-2
) coso. —sina |[ cosf —sinf3 _
(1) LA A = . 2 2
@B |sino.  coso || sinB  cosP =
B -1 x-2
_ | cosorcosPB—sinasinB  —cososinfl —sinocosp 4 9 L o
~ | sinocosB+cosasinB  —sinosinP + cosacosP A-31 = 4 x] —3[0 3}
o+ —sin (o + -
_ C?)S( B) —sin(o+p) 43 20
sin(ot+B)  cos(a+p) I 9
“1-0 x—
since sin(ot+f)=sinacosP +cososinf - R
cos(o+ )= cosocosP —sinasinf = | 9]
f— x —
Ay “Aasp 2 271 2
Hence proved. 1 x-2-1 x-9
cosol  —sino i
(i) Given A, = [ , ] _ |00
S o coso 0 0

cosol  sino
AT =
—sino.  cosao

2-2 4+2(x-9) ]:[0 0}

| -1-1(x-2) —2+(x-2)(x-9) 00

[ o 4+2x-18 | [0 0
I R —2+x2—11x+18:|_|:0 0]

[ 0 2x—14 00
:>_—x+1 x2—11x+16:| :[0 0]

Equating the corresponding entries we get,

. . . T -
Also, it is given that A +A =1
cosOoL  —sino cosO.  sino. 1 0
= . + . =
sinot  coso —sin®.  cosot 0 1

2cosol 0 B 1 0
1 0 2cosa| |0 1

Equating the corresponding entries on both sides, we

= 2x—-14 =0 or —x+1=0
get
1 i = 2x = 14 or —x =-1
20050(=1:>cosoc=5=cos§. — x = 7 or x =1
— o =2nm + E, nez Since x = 1 alone satisfies the equation (A — 2I)
3 (A-30)=0, we getx=1.

[."cosa=cos® = oa=2nn+0, ncZ |

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
1
I
| o (A= 21) (A—31)
:
|
|
|
|
|
|
|
|
|
|
|
|
1
|
|
|
|
|
|
1
|
|
|
|
|
|
1
|
|
|
|
I
1
|
coo =2t Lonez :
3 |
|
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10 0 I (21 0 34
8. IfA= |0 1 0 ,showthatAzisaunitmatrix.: =112 8 23
1
a b -1 . | 34 0 55 - (3)
! L
00 . Substituting (2) and (3) in (1) we get,
Solution : GivenA = |0 1 0 : _
- 'f21 0 34] [5 0 8 1 0 2 100
L4 : 12 823|612 4 5|*7/0 2 1|*klo 1 0]=0
1 0 Oo][1 0 0 v (34 0 55] |8 0 13 20 3/ |oo0 1
! 1
A2=AA =10 1 0 01 0 [
|
la b ~1]||a b -1 | 21-30+7+k 0 34-48+14+0
14040 04040 0+0+0] + =| 17— 17 +0+0 8-24+14+k 23-30+7+0
= [0F0+0 0+1+0 0%0+01 344841440 0+0+0+0 55-78+21+k
|la+0—a O0+b-b 0+0+1]| [0 0 0]
1 0 0 I -0 0 0
=101 0 : 00 0
; i i
. A%is 5 unif et 001 I 2+k 0 0 [0 0 0]
e 1S a unit matrix. : 0 —2+k 0 ~lo o0 o
10 2 , 0 0 —2+k| [0 0 0
|
9. IfA=|0 2 1|andA3-6A2+7A+kI=0,find , Equating the corresponding entries both sides, we get
|
2 0 3 | —2+4k =0
the value of k. [Hy - 2018] 1 k=12
10 2] ! 10. Give your own examples of matrices satisfying the
. ena - lo 2 1 I following conditions in each case:
Solution : GivenA = | ()  Aand B such that AB # BA.
[2 03] ! (i) A and B such that AB = 0 = BA, A # 0 and
Also, A> — 6A2+ TA+ kI = (1) B 0.
1 0o 211 o 2 : (iii) A and B such that AB =0 and BA # 0.
A2 =0 2 1[0 2 1 \ 514 3 -1
2 0 3J|2 03 \ Solution : (i) Let A :[4 | 5} andB=[2 2
[1+0+4 0+0+0 2+0+6] 1 1 13
| —
= 10+0+2 0+4+0 0+2+3| 1 (2 1 4
! AB = 2 2
[2+0+6 0+0+0 4+0+9] ! 4 15 L 3
5 08 : [e+2+4 —Z+Z+12] [12 12
=12 4 5 - (2) 124245 —4+2+15 | |19 13
8 0 13 : 3 -1
- ) 21 4
5 0 81 0 2 I BA =2 2
| 4 15
Al = A2A=(2 4 50 2 1| 1 3
8§ 0 13)2 0 3| [6-4 3-1 12-5] [2 2 7
540416 0+0+0 10+0+24] | — | 4+8 2+2 8+10|=[12 4 18
= |240+10 0+8+0 4+4+15 | | 2412 143 4+15| (14 4 19
8+0+26 0+0+0 16+0+39] '  AB #BA
|
|
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(i1) LetA = 0 4
AB = [0 -3

0

[4

BA = 0

[0

o

Hence AB=0=BAandA=0,B = 0.

(i)  LetA

AB =

BA

[0
[ 0
[0
[ 0
K
| 0
1
| 0
K
0

.. AB = 6and BA=0

11. Show that f(x)f () =f (x +y), where
cosx —sinx 0

f)=| sinx
0

Solution :  Given flx)=

cosx —sinx

flx). Ay)= |sinx cosx

0

= | sinxcos y+ cosxsin y

0

orders@surabooks.com

o -]

J

Jd L

0+0 0+0
0+0 0+0

L

J

JL

“lo+0 040

JL

lO'—‘OOOOO'—‘O'—‘

cosx Of.

Cosxcosy—sinxcosy —cosxsiny—sinxcosy 0

—sinxsin y+cosxcosy 0

[cos(x+y) —sin(x+y) 0
= sin(x+y) cos(x+y) 0Ol=f(x+y)
0 0
[ cos(x+y)=cosxcosy—sinxsiny= f(x+y)

sin (x +)) = sin x cos y + cos x sin y|

and C

B+C

L AB+O)

LHS

AB

4 7]

1+7 7
-1+2 0+1 1
5

AB+C)=

12. If A is a square matrix such that A% = A, find the
value of 7A - (I + A)>.

: Given A is a square matrix and A% = A
Consider 7A — (1 + A)3 = TA— (P +3PA+3IA% +A3)
=a’+3a’b + 3ab® + b’]
= 7A-(1+3A+3A%2+A%A)

[.P=LIF=1]

= TA—-(1+3A+3A+A.A)

[A2 :A]

= TA—(I+7A)
=K -1-7K=-1

13. Verify the property A(B+ C) =AB + AC, when the
matrices A, B, and C are given by

20 -3
|1 4

: Given A

4 7
-1 0|,andC=|2 1.
1 -1
3 1

1

— = 00

7 8
1 1
1
164+0-3
8+4+5]

-1 13 |
36 17 - ()
3 1

-1 0
4 2

6+0-12 24+0-6
3—-4+20 1+0+10
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[-6 —4
(191
7
AC = 2 0 3 201
|1 4 5
- -1
_ [84+0—-3 14+0+3
[4+8+5 T7+4-5
RHS = AB+AC

[—6+5 —4+17
C19+17 1146 |

From (1) and (2), A(B+ C)=AB + AC.

5 17
117 6

_[-6 4[5 U
19 11 |17 6

-1 13
36 17

)

14. Find the matrix A which satisfies the matrix

1 2 3 -7 -8 -9
relation A = .
4 5 6 2 4 6
Soluti Gi A 1 2 3 B -7 -8
olution : ven 45 6 = 5 4

1 3
The order of the matrix
4 5 6

-7 -8 -9
2 4 6
.. A must be of order 2 x 2.

a b

LetA = [c d]
a b1 2 3 7 2§ 9
"[c d”456]:[2 4 6:|
a+4b 2a+5b 3a+6b B -7 -8
:>|:c+4d 2¢+5d 3c+6d:|_[2 4

the matrix |: :| is also 2 x 3.

-9

|

‘)

:|is 2 x 3 and the order of

Equating the corresponding entries on both sides, we

get
at4b =-7
2a+5b = -8
ctd4d =2
2c+5d =4
(H)x2= 2d+8b =-14
o I GG
2)= a+t5h =-8
3b =-6

Substituting b =—2 in (1) we get,

orders@surabooks.com

(D)
(2
.. (3)
(@)

Solution :

a-8 =-T=a=-T7T+8= a=1
B)x2= 2cH8d =
“ O
4) = c+5d =
3d =0 = d=0
Substituting d = 0 in (3) we get,
c =2
A\ 1 =2
12 0
4 5
15. 1fAT=|-1 0|amaB=|> * ! ify th
. an 7 5 ) , VEriy (Y]
2 3
following
i (A+B)=AT+BT=BT+AT
(i) (A-B)T=AT-BT (iii) (B")T =B.
4 5
Given AT =| -1 0|anap=|> 1 !
1ven an 7 5 i)
2 3
(i) Verify (A+B)T=AT+BT=BT+AT
r T
403 4 -1 2
ADT = [-1 0 A=
(A) = [5 0 3]
(2 3
Now. A+ B _”4 —12+2—1 1
o s o0 3|7 s
[6 23
2 s
[ 6 12]
~(A+BT = |2 5 (1)
_3 1~
D
BT = [-1 5
_1 _2_
(4 5 2 7 6 12
SAT+BT = |=1 0]|+|-1 5|=|-=2 5
2 3 1 =2 301
()
(2 7 4 516 12
BT+AT = [-1 5 |+|-1 0o|=|—2 5
1 2f |2 3] [3 1
..(3)

From (1), (2) and (3), (A+ B)T=AT+ BT =BT + AT
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(ii) Verify (A-B)'= AT - BT
(4 -1 2
5 0 3

A-B =

|
o

|
W

(A-B)T =

I

|
—_
(el
I

AT -BT =

H

2 -1
7 5

From (4) and (5), (A—-B)'=AT - BT

(i)  Verify BH)T = B

) -1 1
Given B = 7 s _2:|
[2 7
~BT=1|-1 5
|1 -2
2 -1 1
Also, (BT)T = 7 s _2:|

From (6) and (7), (BT)"=B

-2

.. (6)

o (7)

16. If Ais a 3 x 4 matrix and B is a matrix such that

both ATB and BAT are defined, what is the order

of the matrix B?

Solution :
AT is a 4 x 3 matrix.

Given A is a 3 x 4 matrix.

ATB and BA! are defined.
To define ATB, B must be a 3 x 4 matrix.
Also to define BAT, B must be a 3 x 4 matrix.

Hence, the order of matrix B is (3 x 4)

17. Express the following matrices as the sum of a
symmetric matrix and a skew-symmetric matrix:

3 3 -1
b 1Y P land 6y |2 -2
@) 3 _5 and (ii)
4 5 2
4 _
Solution : (i) LetA—[3 _5] = Al=

orders@surabooks.com

LetQ=%[B—BT] =

LetP= %(A+AT)

114 2 N 4 3 118 1
213 5] |2 -5 2 -10
118 1
pT = - =P
- 2[1 —10]
.. P is a symmetric matrix.
1 T
LetQ = E[A—A ]

1[4 2 4 3 1{0 =5
sl 2HE A
110 5

Q' = 5[—5 o] 79
- Q is a skew-symmetrix matrix.
NowA=P+Q= 1[8 1 }rl—O _5]

211 -10f 2|5 O

Thus A is expressed as the sum of symmetric
and skew-symmetric matrices.

303 -] 3 2 -4
(i) LetB=|-2 =2 1|= B™=|3 =2 -5
4 -5 2 11 2
1 N N R
LetP=—[B+BT]=— 2 2 1|+|3 =2 -5
2 2
4 =5 20 -1 1 2
1'6 1 =5]
- - 4 4
2
5 -4 4
1"6 1 =53]
= PT = 5 1 4 —4(=P
-5 -4 4|

- P is a symmetric matrix.
3 3 -1 3 2 4
-2 2 1|-13 -2 -5
-4 -5 2 -1 1 2

N | =

QT
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Jo s 3 : 12 2
———|-5 0 6|=—Q 1 19. IfA=[2 1 -2/|isa matrix such that AAT =9I,
1
-3 -6 0 I x 2 y
. . . 1
. Q is a skew-symmetric matrix. I find the values of x and y.
NowB = P+Q :
. 6 1 -5 . 0 5 3 : 1 2 2 1 2
=—|1 -4 —4[+=|-5 0 6 ! Solution : Given A=|2 1 -2[=AT=|2 1 2
-5 -4 4 -3 -6 0 : x 2y 2 2y
Thus, B is expressedtas the sum of'a symmetric i Also, AAT = 09I
and a skew-symmetric matrix. : )
s 11! 1 2 21 2 «x 1 00
Co|2 1 =2f2 1 2] = 901 0
18. Find the matrix A such that 1 0f 5 s o0 1
| —
-1 -8 -10 -3 4| :x Y Y
AT=| 1 2 -5/ : 1+4+4  2+42-4  x+4+2y | [9 0 0]
9 22 15 ::> 24+2-4 44+1+4 2x+2-2y|=10
|
2 -l -1 -8 -10 | x+4+2y 2x+2-2y xP+4+y7| [0 0 9]
Solution: Given |1 0 Al=|1 2 -5 | :
9 0 +2y+4 i T
3 4, L9225, xX+2y 9 0 0
AT is a matrix of order 2 x 3. L= 0 9 2x=2y+21=10 9 0
a b c 0 X+2y+4 2x-2y+2 x2+y2+4 |0 0 9]
Let AT = -
d e f 1 Equating the corresponding entries on both sides, we get
1
e [ P O e x+2y+4 = 0
1 0 =1 2 -5 _ -
|:d o f:| ! 2x—2y+2 0
-3 4 9 22 15 = x+2 = -4 (1)
2a—d  2b-e  2c-f L= 2x—py = -2 . (2)
= a b C : 3x = —6=> x=-2
3a+4d -3b+4e Bc+4f :Substitutingx=f2in(l)weget,
-1 -8 -10 l —2+2y = -4
2y = —4+2=-2
1 2 -5 T 4
= y = -1
2 X : Hence,x = —-2,y=-1
Equating the corresponding entries on both 1 . .
: 1 20. (i) For what value of x, the matrix
sides, we get I
a=1,b=2,c=-5and2a—d=-1 ! 0 1 =2
=2-d=—1=2+1=d=d=3 I A=|-1 0 3 |[isskew-symmetric.
_ _ _ 1
2b-e=-8 = 4—-e=—-8=4+8=¢ | 2 3 0 [Hy - 2018]
= e=12 :
2e—f=—10= —10—f=—10=/=0 ! 0 p 3
|
AT = 12 = : (i) If|2 ¢ -1|is skew-symmetric, find the
N 312 0 i
| r 1 0
1 3 i
N (ADT = A=|2 12 ! values of p, ¢, and r.
-5 0 ,

orders@surabooks.com
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Solution : 0
0 1 =2 = qz = —7=0>= q= 0

2
(i) GivenA=|-1 0 x°|isaskew-symmetric Hence,p=-2,g=0andr=-3
matrix. 2 3 0

21. Construct the matrix A =[ aj]3 « 3 Where a;= i—J.

i

|
|
|
|
I
1
1
I
|
0 -1 2 : State whether A is symmetric or skew-symmetric.
= Al = 1 0 -3 ! Solution : Given a; = i—j
2 X 0 : LetA = [aij]sx3
Since A is a skew-symmetric matrix. Lo a, =1-1=0 a, =2-1=1 a;=3-1=2
T — I — — _ [ - —
) A= -A | a, =1-2=-1 a,, =2-2=0 a,,=3-2=1
0o -1 2 0o 1 =2 : a, =1-3=-2 a,, =2-3=-1a;;=3-3=0
: _ -
{1 0 3] = -|-1 0 X | 0 -1 =2
! — -
2 P 0 2 30 2 A=l 0l
- - | (2 1 0]
=1 0 3] = 1|1 0 -x N SAT = (-1 0 1
2 X0 2 3 0 l |2 -1 0]
Equating the corresponding entries on both sides, we : 0 -1 -2
|
get | -1 0 -1|=-A
1
B = 3 =x=3B I 2 1 0
[0 p 3 : Since AT = — A, A is a skew-symmetric matrix.
| . .
.. B 2 , 22. Let A and B be two symmetric matrices. Prove
(i) Let B = 12 ¢ ! ; that AB = BA if and only if AB is a symmetric
r 1 0 I matrix.
:0 2 : Solution : A and B are symmetric
5 : If (AB)T = AB
= Bl = (p ¢ 1 . = BTAT = AB [.'(AB)'=B"AT]
|
3 -1 0 ! = BA = AB
, , - ) ' [ A and B are symmetric matrices = BT =Band AT=A]
Since B is a skew-symmetric matrix, :
Hence proved.
BT = -B !
- 8 i 23. If A and B are symmetric matrices of same order,
0 2 r 0 p 3 ! prove that
p q2 If = -2 q2 -1 ! (i) AB+ BAis a symmetric matrix.
3 -1 0 S 10 | (i) AB-BAis a skew-symmetric matrix.
- 3 i Solution :  Given A and B are symmetric matrices
02 r 0 -p -3 | () = AT = AandBT=B (1)
= |p ¢ 1| = |2 —¢* 1 \ To prove that (AB + BA) is a symmetric matrix.
3 -1 0 o ~1 0 | Consider (AB+BA)T = (AB)"+ (BA)T
L . I — TAT TRT
Equating the corresponding entries on both sides, we ! BA'+A'B S
get : [."(AB)' =B'A’]
o= 3 : = AB+BA
q2 = —q2:>2q2=0 :
|
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= (AB+BA)'= AB+BA
~. (AB + BA) is a symmetric matrix.

100+ 20+ 60 180
=1200+20+120|= [ 340
250+50+180 480
.. Cost of T gift pack =% 180
Cost of II gift pack =3 340 and cost of I1I gift pack

(i1) Given A and B are symmetric matrices

= AT = A and BT=B (2

To prove that (AB — BA) is a skew-symmetric matrix.
Consider (AB —BA)T = (AB)T — (BA)T

— RBTAT _ ATRT =3 480
[ (AB)T — BTAT]
— BA_AB EXERCISE 7.2
[using (2)] 1 1.  Without expanding the determinant, prove that
= —(AB-BA) S a? it
T _
= (AB—BA) = —(AB—BA) s b2 c2+a2 =0

~. (AB —BA) is a skew-symmetric matrix. s 2 ap
24. A shopkeeper in a Nuts and Spices shop makes
gift packs of cashew nuts, raisins and almonds.
Pack I contains 100 gm of cashew nuts, 100 gm of
raisins and 50 gm of almonds.
Pack-II contains 200 gm of cashew nuts, 100 gm
of raisins and 100 gm of almonds.
Pack-III contains 250 gm of cashew nuts, 250 gm
of raisins and 150 gm of almonds.
The cost of 50 gm of cashew nuts is I 50/-, 50 gm
of raisins is ¥10/-, and 50 gm of almonds is I 60/-.
What is the cost of each gift pack?

Solution :  Gift pack matrix is as follows:

s a bP+c?

. 2 2, 2
Solution: LetA = |s b° ¢ +a
s & at+b?
Applying C, — C, + C, we get,
s at+b>+c* bP+c?
A= |s a+b>+c* F+ad°

s at+b*+c’ a’+b*

common from C, we get

I IO 1o 11 b +c?
Weight of Cashew nuts | 100 200 250 A= s@+P+A 1 F+d
Weight of Raisins 100 100 250 11 d+p

Weight of Almonds 50 100 150

s(@>+b*+c?)(0)=0[ C,=C,]
Let us consider 50 gm of cashew nuts as one s a b +c?
packet, 50 gm of raisins as one packet and
50 gm of almonds as one packet, we get the

matrix as

Hence, |s > F+ad’| =0
s & at+b?
I 1II 10

+ 22
No. of packets of cashewnuts|2 4 5 b+c bc pic

2. Showthat [cta ca 242=0.
atb ab ,2p?

No. of packets of raisins 22 5 |7A
No. of packets of almonds 1 2 3

Given cost matrix is [S0 10 60]=B Solution :  Applying R,— aR |, R,— bR, and R;— cR,

. we get,
.. Cost of gift pack
2 4 5 ab+ac abc ab*c?
=AB=[50 10 60]|2 2 5 A = |bctab abc a’bc’
123 ac+bc abe a*b’c

|
|
|
|
I
1
1
|
|
|
|
1
1
1
|
|
|
|
1
1
1
|
|
|
|
1
1
1
|
|
|
|
1
1
1
|
|
|
:
1
! Taking ‘s’ common from C, and (@®+b>+c?)
1
|
|
1
1
1
|
|
|
|
1
1
1
1
|
|
|
1
1
1
1
|
|
|
|
1
1
1
|
|
|
|
1
1
1
|
|
|
|
|

Taking out (abc) common from C, and C, we get,
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Applying C, — C, + C, we get,

= (abc)?

= (abc)?

bc
ac

ab

ab+ac 1
bc+ab 1
ac+bc 1

ab+bc+ca 1
ab+bc+ca 1

bc

ac

ab+bc+ca 1 ab

Taking out (ab + bc + ca) common from C,, we get

1 1 be
A = a*b’(ab+bc+ca)|l 1 ac
1 1 ab
= a’b’c? (ab + bc + ca) (0) =0
[.-C,=C)]
a? be  ge+c?
3. Prove that |42 +gp b? ac|=4a® b* %
ab p? +pe ¢’
a’ bc ac+c*
Solution: LHS = |a*+ab b? ac
ab b* + be c?

Taking out a, b, c common from C,, C, and C, respectively

we get,

LHS

Applying C, — C, + C, + C, we get,

a ¢ a+c

= (abc) la+b b a
b b+c ¢
2(a+c) c a+c

= (abc) 2(a+b) b a
2(b+c) b+c ¢
atc ¢ a+c

= 2abcla+b b a
b+c b+c ¢

Applying C;, - C, - C, and C; — C, - C, we get,

at+c —a 0
Qabc la+b —a -b
b+c 0 -b

Applying C, —» C, + C, + C, we get,

orders@surabooks.com

235
c —a 0
LHS = 2abc|0 —a -b
c 0 -b

Taking c, a, b common from C,, C, and C, respectively.

2

1 -1 0
= 2a*b** 0 -1 -1
1 0 -1

Expanding along R, we get,

2a2b3c?

[ -1 =1 Jo -1
1 +1

o -1 1 -1
28222 [(1 - 0) + (0 + 1)]

2a*bc? 2]
4a’b*c* = RHS

Hence proved.

4. Prove that
1+a 1 1
1 1+b 1=abc(1+1+%+l).
1 1 1+c . ¢
I+a 1 1
Solution : LHS =| 1 1+b6 1
1 1 I+c
Taking out a, b, ¢ common from R, R, and R,
respectively.
1 1
—+1 _ _
a a a
_ 1 1
LHS = abc| = Z—4+1 =
b b b
1 1
— - —+1
c c ¢
Applying R;, — R, + R, + R, we get,
1 1 1 1 1 1 1 1 1
I+—+—+— 1+—+—+— I+—+—+—
a c a c a b c
=abc 1 | 1
b b
1 1 1
— — —+1
c c c
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a b ¢

= abC(1+l+l+l)

Applying C, - C, -C,

( 1 1 1)
= abel 1+ —+—+—
a b c

1
1
b
1

c

Expanding along R, we get,

l+1
b

c

= abc(1+1la+1/b+1/c)[1]
= abc(1+1/a+1/b+ 1/c)=RHS

Hence Proved.

sec’0 tan’

5. Prove that [tan20 sec20
38 36

Solution : LHS =

1

1
b
1

~+1

C

abe (1 + 1/a+ 1/b+1/c) {0+0+1

Applying C, — C, + C; we get,

sec’® I1+tan’0 1

=|tan’0 —1+sec’0 —1| = [tan’0

38 38 2

[ 1+ tan?0 = sec?0 and sec’0 — 1 = tan0]
[ C,=C,]=RHS

Hence Proved.

0

x+2a y+2b z+2c

6. Show that X
a

y
b

c

x+2a y+2b z+42c

Solution: LHS=| x

a

¥

b

orders@surabooks.com

z

C

o 1
-1|=0.
2
sec’0 tan’0
tan’0 sec’O
38 36
sec’® sec’® 1
tan’0 -1
38 38 2

z|=0.

1
-1
2

Xy
Xy
a b

and C, —» C, - C, we get,

NN

9

2a 2b 2c
+|x y z|[ByProperty 7]
a b ¢
c
=0+2x y z [."R,=R)]
a b c

=0+2(0)=0= RHS  [R, =R,

Write the general form of a 3 x 3 skew-symmetric
matrix and prove that its determinant is 0.

Solution : A square matrix A = [a ], is a skew-
ij

symmetric matrix if a,. = —‘ajl. for all 7, j and
the elements on the main diagonal of a skew-
symmetric matrix are zero.
0 A2 di3
A= may 00 ay
—a3 —ay 0
Expanding along R, we get,
—dp Ay

- _alz 0
Al = 0-a, ta,

—ai3 —ap
= —ap, (a3ay) +apsag,a,;)

=—a12%a23+a12g/3a23=0

Hence the determinant of a skew-symmetric
matrix is 0.

a b ao+b
If b ¢ bo+c|= 0, prove that a, b, c
ao+b bo+c 0
are in G.P. or o is a root of ax* + 2bx + ¢ = 0.
a b ao.+b

Solution : Given | b c bo+c|=0

ao+b bo+c 0
Expanding along R, we get,

o b ao+b a ao+b
(ac )c bo+c

+0=0
b bo+c

— (bo.+ c)

= — (ao.+ b) (BP0 + pé — aco.— pt) — (bo+ ¢) (abo. + ac

— abo.— b?) =0

= (a0 + b) (b*0L — acor) — (bo. + ¢) (ac — b*) =0
= ofac. + b) (b*>—ac ) + (ba. + ¢) (b*—ac) =0
= (b*—ac) (ao*+ bo. + bo.+¢) =0
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= (b*—ac) (a0 + 2ba.+ ¢) =0
= b?—ac =0 or a0+ 2ba+ c=0

= ac=>b*orao?+2bo+c=0

= a, b, c are in G.P. (or) o.is a root of ax?> +2bx +c¢ =0

1 a 42 _pe

9. Provethat|l b p2_cq/=0. [Hy - 2018]
1 ¢ ¢2—ub
1 a a®=bdl 1 a &
Solution: LHS = [1 b b*—cal=|l b b*
1 ¢ c>—abl 1 ¢ 2
1 a bc
-1 b ca [By property 7]
1 ¢ ab

orders@surabooks.com

Multiplying and dividing R, R, and R, of
second determinant by a, b, c respectively.

2 2

1 a a a a° abc
2 1 2
LHS =11 b b°|——1|b b~ abc
abc
1 ¢ c c ¢ abc

Taking abc common from C; of second
determinant

1 a a° a a1

=1bb2_"—zcbb21
abc

1 ¢ ¢ c 21

Applying C, <> C; in the second determinant,

2 2

1 a a a l a
=l b Pl+[p 1 #
1 ¢ & c 1 ¢
Applying C, <> C, in the second determinant
1 a & 1 a &
= b ||l b b =0=RHS

1 ¢ 32 1 ¢ ¢

Hence proved.

10. Ifa,b,carep™ ¢ and " terms of an A.P, find the

a b ¢

valueof [p ¢q r|.

Solution :

Soa=

N |

a b c

Consider |p g r|=

p
p
1

S N
— e o

11. Show that

4

by x°.

Solution :

(A+1), b

1 11

Given a = l b= l, andc=t¢.
Let A be the first term and / be the last term of
the A.P.

_ %(A+1),c: g(AH) (1)

ES)

§(A+z) (A+1) %(AH)

2

p
1 11

A+l
—— | common from R, we get,

2

r
A+

2

0

(0)

[."R,=R)]

S TN

p
1

o)

—_ N
Il

ab
b+ x? bc

bc

2 2
a +x

ab

ac

is divisible

ac C2 +x2

ab
b* +x? bc
bc

Multiplying R|,R,, R, by a, b, c respectively,
and dividing the determinant by abc we get,

a’ +x*

ab

ac

LHS

ac 02 + x2

a® + ax? a’b a’c
1
= —| ab* P+ b
abc 5 ; 5
ac bc ¢ +ex

Taking @, b, c common from Cl, C2 and C3 we
get,
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a2 + x2 612 612
abc
== ¥  pr+x* b
abc 2 2 2 2
C C cT+Xx

Applying R, — R, +R,+ R, we get,
a* +b* +c +x?
»?

2 2
c +Xx

A +b+?+x A +b+ +x?
b% +x?
Cz Cz

Taking (a* + b* + ¢* + x*) common from R,

we get
1 1 1
LHS = (® + B>+ 2 +x2) |b* b*+x*  b?
(22 (22 02 + x2

Applying C, - C, -C,and C, - C, - C, we

get,
0 0 1
= (@P+P+AE+2)|-xr X b?
0 —x* *+x?

Taking out x> common from C, and C, we get,
0 0 1
B2

0 -1 c2+x°
-1 1
0 -1

=x4a®> + b* + ¢ + x?) which is
divisible by x*.

4(a2+b2+c2+x2) -1 1

Expanding along R, we get,
LHS =x%a®+ b+ +x?) H

=x{ P+ b+ +xH) (1)

12. If a, b, c are all positive, and are p', ¢! and r*

loga p 1
terms of a G.P., show that |loghb ¢q 1|=0.
loge r 1

Given a, b, ¢ are p™, ¢" and " terms of a
G.P.

Let A be the first term and R be the common
ratio of the G.P.

Solution :

orders@surabooks.com

sa = AR "= loga=logA+(p—1)logR
b = AR !'=logh=logA+(q—1)logR
c = AR "= logc=logA+(r—1)logR
loga p 1
s LetA = |logh g 1
loge r 1
logA+(p—1)10gR p 1
~ A = |logA+(g-1)logR ¢ 1
logA+(r—1)logR r1
Applying C, — C, — C; we get,
logA+( )logR p—1 1
A = |logA+(g-1)logR ¢-1 1
logA+(r l)logR r=1 1
Applying C, — C, — (log A) C; — (log R)C, we get,
0 p-11
A =1 ¢g-1 1=0
0 r-1 1
-.A =0 Hence proved.
1 log,y log.z
13. Find the value of |[log,x 1 log,z
log.x log.y 1
ifx,y,z#1.
1 log,y log,.z
Solution : LetA= |log, x 1 log, z
log,x log,y 1
Givenx, y,z # 1
Expanding along R, we get,
A=l logy z B logy X logy z +10ng log,, x 1
log, y 1 log, x 1 log,x log,y

=1 —logyz. log y—log y =1 —logyz. log_y

(logyx — logy z. log_x)+ log z (logyx log y -

=1-1-logy (;ggyx — ;Qéyx) + ;gézx (log x —}ggzx)

[."logx.log z=1and logyz. log x = logyx]
0—1logy (0) +logz(0) =

log_x)
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1 log.y log,z
. |log, x 1 log, z|=0
log.x log.y 1
1
2 u
14. IfA= ,provethat Y det (A*) =
0 — k=1
_l 5
2 o
Solution :  Given A = 1
L0 2.
A 1 1 1)
= — x — ==
= Al =5 x5 5
1 ] [1
2 2 @
Also A?> = . 1 . 1
L 2] 2
2
L) -
2
- 2
o (3)
2
4
1
cw = (1)
Y =15
Zdet(Ak) =
k=1

(G
OIEGE
()

w2
=
Il
~/
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i

1
1-—

n

()

vl

Il
—
N | =
—

[\S}
—_
|

gdet(Ak)

Hence proved.

15. Without expanding, evaluate the following
determinants :
2 3 4
@) 5 6 8
6x 9x 12x
x+y y+z ztx
(ii) V4 X y
1 1 1
2 3 4
Solution: (i) LetA= |5 6 8
6x 9x 12x
Taking (3x) common from R, we get,
2 3 4
A= 3x[5 6 8 =3x(0)=0
2 3 4
[ R, =Ry]
x+y y+z z+x
(i) LetB= | z X y
1 1 1
Applying C, > C, - C,and C, > C, - C;,
we get
X—z y—Xx z+x
B=|z—x x-y »y
0 0 1
~(z-x) —(x-y) z+x
= | z—x xX—y
0 0 1
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Taking (z — x) and (x — y) common from C,
and C, we get,

-1 -1 1
=@-0@-pl 1 v
0 0 1
Expanding along R, we get,

I 1

(—x) (=) (A +H=0
~B=0

[ -1 -1
B=(—-x)(x-y) 1‘ H

16. If Ais a square matrix and | A | = 2, find the value
of |AAT|.
Solution :  Given A is a square matrix and
Al = 2
~ |AAT] = |AAT] = |A]L A [ AL = AT
=22)=4 By property 1

17. If A and B are square matrices of order 3 such
that | A| =-1 and |B| = 3, find the value of |3AB|.

Solution : Given A and B are square matrices of order 3.
Also, |A] = —1and |B|=3
Consider |3AB] 33A|.|B|
27(-1)(3)=-81
['.- A'is a square matrix of order 3]

< [3AB| = 81
18. If A = -2, determine the value of
0 2\ 1
% 0 3)%+1]
-1 61-1 0
Solution : Given A = -2
0 2 1
LetA = A 0 3A%+1
-1 6A—1 0
0 -4 1
=14 0 13
-1 =13 0
[PutA=—2]

Since a,, = —lyy 5 G13 T Ay, Gy = dy, and
the elements in the main diagonal are zero, A
is a skew-symmetric matrix.

orders@surabooks.com

We know that, determinant of a skew-

symmetric matrix i

~ A =

19. Determine the roots of the equation 1 -2 5| =0.

Solution : Let A
Given A
1 4 20
1 =2 5
1 2x 5x°

Applying R, > R, —R,and R,
0 6 15
0 —2-2x 5-5x°
1 2x 5x7
Expanding along C, we get,
15

0+0+1 5
—2-2x 5-5x

6 15
—2-2x2 5-5x°
= 6(5-5x%)—15(-2-2x)

= 30 — 30x% + 30 + 30x

= —30x? + 30x + 60
Dividing by — 30 we get,

= xr-x-2

= x-2)(x+1) =

= X

Hence the roots are —1, 2.

S Z€1r0.
0
1 4 20
1 2x 5x2
1 4 20
=1 =2 5
1 2x 5x°
=0
=0

— R, — R, we get,
-2

AN

-2 +1

=0
0
= 2or—1

20. Verify that det(AB) = (det A) (det B) for

4 3 2
A=(1 0 7|landB=
2 3 -5
Solution : Given A =

1 3 3
-2 4 0.
| 9 7 5
4 3 =2
1 0 7
2 3 -5
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(1 3 3 : 21. Using cofactors of elements of second row,
5 3 8
andB = |-2 4 0 s 0 1
9 7 5 evaluate | A |, where A = .
(4 3 21 3 3 P23
AB 1 0 _7 2 40 > 28
- - Solution : GivenA = |2 0 1
2 3 =59 7 5 1 2 3
4-6-18 12+12-14 124+0-10 3
Co-factor of 2 = A, = (-1)"*?
=[1+0+63 3+0+49 340435 2
2-6-45 6+12-35 6+0 25 = —-09-16)=7
-20 10 5 8
Co-factor of 0 = A, =(~1)*"
det(AB) = |64 52 38 1 3
—49 -17 -19 = 15-8=7
Expanding along R, we get, 3P 3
A .y 55 38 0 Co-factorof 1 = A, =(-1) | 2
= _ — X
et (AB) 17 -19 - _(10-3)=—7
64 38 s 64 52 Al = ay Ay tay A, tan A,
—-49 -19 -49 -17

= 27)+0(7) + 1(-7)
=—20(-988 +646) — 10(—1216 + 1862) + 2(~1088 +2548) = 14-7=7
= 20(-342) — 10(646) + 2(1460)

6840 — 6460 — 292 EXERCISE 7.3

= 3300 ... (1) ' Solve the following problems by using Factor Theorem :
4 3 2
X a a
Al="11 0 7
) 3 4 1. Show thatla x a| =(x-a)?(x+ 2a).
N B L “ees
R T R v
Solution : LetA =|a x a .. (1)
1o a a x
2 3 . .
Putting x = a in (1) we get,
=40-21)-3(-5-14)-2(3+0)=-84+57-6=-33 4 4 a
b33 A=la a a =0
Bl =12 4 0
a a a
9 75

[ R, =R, =R,]

B 4 0 -2 0 -2 4

- 7 5_3 9 5 " 9 7 . (x —a)?is a factor of A.

N 1(20+O) -3 (_10+O)+3 (_14_36):20_'_30 ~150 Puttlngx =—-2ain (1) w¢E get,

=-100 -2a a a

-, |A| [B| =33 (-100) = 3300 @ A la 224 a
a a —2a

From (1) and (2) det (AB)= det (A) det (B)
Applying C, = C, + C, + C; we get,
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0 a a c a—-c a
A=0 -2a a|=0 A= |-c c+a —-a =0
0 a 2a c c—a a

o (x +2a) 1s also a factor of A.
( ) [... Cl oc C3]

(b—0) = bisafactor of A.
Putting ¢ = 0in (1) we get,

Since the leading diagonal of A is of degree 3,
only 3 factors are available and their may be a
constant k.

b a a-b
road A= |b a b-d=0
SA=la x al =k(x—a)’(x+2a) b —a a+b
a a X [ C] oc Cz]
Putting x = — a in the above equation, we get . (c—0) = cisa factor of A.
44 d ) Since the leading diagonal A is of degree 3, only 3 factors
a —a a| = k(-a-a)(-a+t2a) are available and there may exist a constant k.
@ b+c a-c a-b
@ “|b—c c+a b-a| = k(abc)
= 0 —-a al|=k4d® (a) c—b c—a a+h
o) —
a4 ¢ _ Puttinga=1, b= 1 and ¢ = 1 in the above equation, we get
[Applying C,—>C+C(C) 5 0 0
a a
= 2a . a‘ = 4ka’ [Expanding along C|] 0 2 0 = K1)(1)1)
0 0 2
= 2a(a* + a?) = 4ka®
= 2a(2a%) = 4kd’ = 8=k

N /(,a/3 _ /(k/fj k=] b+c a—-c a-b

. \b—=c c+a b-—al = 8abc

X a a
WA =la x al =(x-a)(x+2a) ¢c=b c-a atb
a a x x+a b c
b+c a—-c a-b 3. Solve a x+b c|=0.
2. Showthat b—c c¢+a b-a|=8abc. a b x+c
c—b c—a a+b x+ta b c
b+c a-c a-b Solution: LetA= | a x+b ¢ (D)
Solution : LetA = |b—c c+a b-a a b x+c

c—b c—a a+b
Puttinga = 0in (1) we get,

Putting x = 01in (1) we get,

a b c
be —¢ b A=la b ¢=0[ R =R,=R]]
A= |b—c ¢ b|=0
a b c
c=b ¢ b
[ C,ocCy] o (x—0)? = x?is a factor of A.
S} 3
(a—0) = aisafactor of A. Puttingx = —(a + b +c¢)in (1) we get,
Putting » = 01in (1) we get,
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Hence, the values of x are 0, 0, — (a + b + ¢).

btc a 4

=

=

b+c a a
leta b b = k(a+b+eo)(a-b)(b-c)(c—a)
a+b ¢ ¢
Puttinga=2,b=1, c =0 we get,
1 2 4
2 11 = K31 (1)(2)
300
Expanding along R, we get,
32 1 - 6k
11
32-4) = -6k
A = Ak

=
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—b—c b c : = (a—b) is a factor of A.
A = —a—c c ! Putting b = ¢ in (1) we get,
i 2
b —a—bh | 2c a a
0 b c : A = lcta ¢ =0
|
= —a—c c : at+c ¢ ¢
0 b -—a-b : [- R,=R]
[Applying C, — C,+ C,+C,] | = (b - c) is a factor of A.
=0 : Putting ¢ = a in (1) we get,
s x+(a+b+c)isafactor of A. : b+a a a*
I —_— —
Since the leading diagonal of A is of degree ! A=l2a b =0
3, only 3 factors are available and there may : a+b a
exist a constant k. : [ R, =R,]
x+a b c 1 _
4 x+b ¢ — k) (xtatbto) : = (¢ —a) is a factor of A.
, . B .
a b x+c | Puttinga = —(b+c) in(1)we get, 2
Putting x = — a we get, ! b+e ~b-c (-b-c)
0 b ¢ | A = |[Ad=b-4 b b
a —a+b c = k@) (—ata+b+c) —B-c+F ¢ ?
1
a b -atc : b+c —(b+c) (b+c)
Expanding along R, we get, 1 - |- b 2
: -
~ b[(-%) + (@5-a8)] + (b + @~ ab)= K@) () .
- @b+ atc = ka®) (b+c) : ¢ ¢ ¢
! = 0 "R, ,<R
= A (p?) = k) (br7) ! . [ Ry Ry]
N £ =1 : s (a+b+c)is afactor of A
1) (x+a+b+e) =0 : Since the leading diagonal of A is of degree 4, only 4
N x =0orx=—(a+b+c) I factors and a constant k are available.
- - 1
1
1
1
|
|
|
1
1
1
1
|
|
|
|
1
1
1
|
|
|
|
1
1
1
|
|
|
|
|

4. Showthat|c+a b pl=(a+b+c)(a-b)(b-c)x
a+b c 2
(c—a).
b+c a da*
Solution : LetA = |c+a b b* .. (1)
a+b ¢ ¢*
Puttinga = b we get,
b+c b b
A = letb b b =0
26 ¢ ¢
[ RIERz]
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SA=4+x 4—-x 4+x
4+x 44+x 4-x

Putting x =
355
535
553

= 3(9-25)—5(15-25)+5 (25— 15) = 13k

k(%) (x +12)

1, we get

k(12 (1+12)

- (z—x) is a factor of (1)

Since the leading diagonal of A is of degree 3,

there are 3 factors and a constant £.

1

X

1

¥

z

1

2

z

= k(x-y)(y-2) (z-x)
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= k=1 | = 3(-16) - 5(-10) + 5(10) = 13k
| —
btc a o L= —-48+50+50 = 13k
) L= 52 = 13k
lc+a b b = (atbto)(a-b)y(b-c)(c—a), - k= 4
|
atb ¢ ¢ : 4—x 4+x d+x
Hence proved. ! L |A+x d—x 44+x = 40D (x+12)
4-x 4+x 4+x : 4+x 4+x 4-x
5. Solve [4+x 4—-x 4+x|=0. = 4% (x+12) = 0
4+x 4+x 4-x . x = 0orx=-12
4-x 4+x Ad+x l 11
1
Solution : LetA=[4+x 4-x 4+x ' 6. Showthat| * ¥ 2 — (=) (—2) (-
44x 44+x 4-x l , M
Putting x = 0 in (1) we get, : X y oz
1
4 4 4 ! 11
A=14 4 4 =0 1 Solution : LetA = y oz (D)
|
4 4 4 ! yr 22
= x? is a factor of (1) | Putting x = yin (1) we get,
Putting x = — 12 we get, : 11
4412 4-12 4-12 : A=y v z|=0
1
A=4-12 4+12 4-12 ! L
4-12 4-12 4+12 i [ C, =C]]
16 -8 -8 : - (x—y) is a factor of (1).
=[-8 16 -8 : Putting y = zin (1) we get,
8 -8 16 I 11
0 -8 -8 :
| 1 z z| = [ C,=C,]
=10 16 -§ =0 I o,
0 -8 16 l bz
[Applying C, —» C, + C,+ C;] \ o (y—z)is a factor of (1)
- (x+12) is also a factor of (1). \ Putting z = xin (1) we get,
Since the leading diagonal of A is of degree 3, only 3 ! 1 1 1
factors and a constant & are available I c—c
1 = .. =
4—x 44x 4+x | xz yz ); [ C =G
|
: x° oy ox
|
|
1
1
1
|
|
|
|
1
1
1
|
|
|
|
|

[. Expanding along R ]
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Putting x = 0, y = 1, z = — 1 in the above |
equation we get,
11 1
01 -1} = k(1)) (1)
01 1
1 -1
= 1 L1l T 2k [Expanded along C,]
(0+1) =2k = 2 =Zk =k=1
1 1 1
Xy ozl =@-»)0-29¢E-%
2yt P2

EXERCISE 7.4

1. Find the area of the triangle whose vertices are

0, 0), (1, 2) and (4, 3).
Solution : Let the vertices of the triangle be A(0, 0)
B (1,2) C(4,3)
1 v on ol
Area of the AABC = absolute value of 5 X, ¥y, 1
3oy 1
. 0 0 1
= absolute value of > 1 21
4 31
= . 0+0+1 b2
= absolutevalueof > 4 3
[Expanded along R, ]
1
= absolute value of 5[3 =
1
= absolute value of 5[—5]
= absolute value of (-2.5)
= 2.5 Sq.units
2. If(k,2),(2,4) and (3, 2) are vertices of the triangle
of area 4 square units then determine the value
of k.
Solution : Let the vertices of the triangle be A(k, 2)

B(2,4)and C(3, 2)
Also area of AABC = 4 sq. units.
We know that, area of AABC

X

1
absolute value of 5 Xy

X3
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N
3 %)
V3

1
1
1

LUl

N

bl
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. k21
4 = absolute value of 5 2 41
3 21
1
4 = absolute value of 5 [k(4 —2) —
2(2-3)+1(4-12)] [Expanded along R ]
1
4 = absolute value of > [2k+2 — 8]
1
4 = absolute value of 5 [2k — 6]
4 = i%(Zk—4)
Case (i)
1
when 4 = 5(2/{—6)
8 =2k-6
14 = 2k
k=1
Case (ii)
1
when 4 = —5(2k—6)
8 = -2k+6
8—6 = -2k
2 = -2k
k=-1
.. The values of k are —1 or 7.

Identify the singular and non-singular matrices:

123

(i) 4 5
|7 8
[0

(iiiy |b-a
|k

Solution : (i) Let A

Al

Since |A|

6
9
a

b
0

2 3 5
i)|6 0 4
1 5 -7
k
5
-5 0
123
45 6
7 8 9
56 |46 |45
1‘8 9‘_2‘7 9+3‘7 8‘

[Expanded along R, ]
1(45—-48)—2(36—-42) +3(32-35)
—3-2(-6) +3(-3)
—3+12-9=- 1+ V1 =0

0, the given matrix is singular.
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Since B is a singular matrix, |B| =
7

s Ifa=-— g then |:_2

3.
is singular.
a

6. Find the value of the product:

log;64 log,3| |log,3 logg3
X

log;8 log,9| |log;4 log;4
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2 3 5 : b-1 2 3
(i) LetB = |6 0 4 I B = |3 1 2 =0
1
1 5 -7 I 1 -2 4
7 1
0 4 6 4 6 0 . 3 2 31
= =b-1 +3 =0
B 2‘5 B T 5‘ o )‘—2 4‘ ‘1 4 =2
|
[Expanded along R ] [Expanded along R, ]
20— 20+ 342 — ) + 5(30 _0 L = 0b-1)@+4)-2(12-2)+3(-6-1) = 0
= 200-20)+3(-42-4)+3(30- ): (b—-1)(8)-2(10)+3(=7) = 0
= —40+ 3(-46) + 5(30) : 8b—-8-20-21 = 0
= —40-138+150=-28=0 I 8h-49 = 0
Since |B| # 0, the given matrix is non-singular. : = 8b = 49
—_ ' 49
0 a-b k : = h = ?
(ii1) LetC = |b—a 0 5 ! " b-1 2 3
k=00  Ifb=— then| 3 1 2|is singular.
N ' ; 1 2 4
= 0- + 1 -
<l (@=0) I 0 cos® sin6|’
|
kxb—a 0| = —(a—b)(Sk)+k[—5 (b-a)] ' 5. Ifcos20=0,determine cos6 sin6O 0
-k =5 = —(a-b)(5k)+5k(a-b)=0 | sin© 0 cosO
Since |C| = 0, the given matrix is singular. ! Solution : Given cos 20 =0
. A2
4. Determine the values of a and b so that the | 0 0959 sin®
following matrices are singular: : LetA = |cos® sin® 0
b-1 2 : sin@ 0  cos®
i =|: 7 3:| (ii) B = 3 1 ! 0 cos® sin® 0 cosO sin6
) 24 1 - | =|cos® sin® 0| [cos® sin® 0
Solution : 7 3 : sin© 0 cos6l [sin6 0 cos6
(1) Given A = |:_2 aj] . [0+cos”@+sin”0 0+sin6+0 0+0+sinOcosO
. . . . ' = 0+sin0cosO+0 cos’O+sin’0+0 sinBcosO+0+0
Since A is a singular matrix ! ) ' . )
Al = : 0+0+sinBcos® sinBcosO+0+0 sin“O+0+cos” O
‘7 3 l [ sin20v1—cos? 26 =1 = 1]
=] |
= Ta+6 = 0 : 2 2 1 { 1
= Ta = -6 R O e T L )
6 L2 2 4) 2|2-- 4 2
= a = —-= ! 4
7 |
b-1 2 3 AP
(ii) B=|3 1 2 L3 1 1 6-1-1_4_1
1 -2 4 ' 4 8 8 8 8 2
|
1
1
1
|
|
|
|
|
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log, 64
log,; 8

Solution :

log; 8-log, 3+log,

6log; 2log,3+1

6+1 2+1
342 1+2

o
s

3log;2log,3+1 1+2log,3log; 4

log,3| |log,3 logg3

log,9| |log;4 log,4

log,64-log,3+1log,3-log;4 log;64-logg3+log, 3-log; 4

9-log;4 log;8-logg3+log,9-log,4

2log; 8logg3+1

3

=21-15=6
3

EXERCISE 7.5

CHOOSE THE CORRECT OR THE
MOST SUITABLE ANSWER FROM
THE GIVEN FOUR ALTERNATIVES.

1 . .
1. Ifa,= 5(31—2]) and A=[a;],,, is

1 11
2 2 2 2
M (2)
1 21
| 2 L g
i [ 1 1]
2 2 22
@1, 4)
=z 1 2
2 2 | |
Hint : a, = l(31‘—2;‘)
: i 5
1 1 1 1
a, = 5(3_2)25’ ap=506-9H=—3
1 \ 1 -
a,= 5(6—2)—2, a22—5(6—4)—z—1
1 1
AA =% Y ans)? 2
21 21

A [1 3]
2 -1

) [2 6:|
4 =2

orders@surabooks.com

‘What must be the matrix X, if 2X + [ 1 2]
3

@) [1
2

@) [2 —6]
4 2

Il
—
N W
N 0
—
-~

1 2 3 8
Hint : 2X+ =
3 4 |7 2
3
= 2X =
| 7
1 3
X e
12 -1

1 3
[Ans: (1) [2 _1]]

3. Which one of the following is true about the
1 00
matrix|Q ¢ 0(?
0 0 5
(1) a scalar matrix
(2) adiagonal matrix
(3) an upper triangular matrix
(4) alower triangular matrix
[Ans: (2) a diagonal matrix]
4. 1IfAand B are two matrices such that A+ B and AB are

both defined, then

(1) Aand B are two matrices not necessarily of same

order

(2) A and B are square matrices of same order
(3) Number of columns of A is equal to the number

of rows of B
(4) A=B.

Hint : For addition both A and B must be of same order
to get AB, number of columns of A should be
equal to number of rows of B.

If A and B ae square matrices of same order
both condition are satisfied.

[Ans: (2) A and B are square matrices of same order]

5. IfA=[ M ﬂ,thenforwhatvalueosz,A2=0?
(1) 0 @) 1 3) -1 (@)1
!
Hint : A = B —k:|
A? =0
Aot 1] [a*-ro0 |
7ol ] T 0 ae?|
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equation AAT =91, where L is 3 x 3 identity matrix,

then the ordered pair (a, b) is equal to

(1 (2,-1)
3) @2, 1)
Hint : Given AAT =91
= |AAT| = [
|ALIA] =931

2 2.1
4 (2,1

[ 1A= |AT]

AP =93=9x9x9=092x32=272

11. The value of x, for which the matrix

ex—2 e7+x
A= is singular is [March - 2019]
e2+x e2x+3

(19 @ 8 )7 4 6
Hint : Since A is singular, |[A] = 0
ex—2 e7+x
Tl 23 0
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= 22 —xlz =0 : 12 2
= =1 1
121 2 =
A=+l [Ans: (2) +1] 1 27
I a 2 b
1
6. IfA-= [1 _1:|and B - [“ 1} and A+B) ' =  1(b+4)-202b+2a)+2(4-a)=27
2 -1 b -1 = b+4—-4b—4a+8—-2a=27
= A? + B?, then the values of a and b are L= —6a-3b+12=27 ) ,
I Only (-2, —1) satisfies this equation.
(1) a=4,b=1 2) a=1,b=4 | [Ans: (4) (<2, -1)]
3) a=0,b=4 4) a=2,b=4 ' 8. IfAis asquare matrix, then which of the following
_ : is not symmetric?
Hint: A< | ‘l] B [" 1 ] | (1) A+AT (2) AAT (3) ATA (4) A—AT
2 -1 b -l 'Hint:  (A-A)T = AT (AT
[a+1 0] ! =AT_A=—(A-A")
A+B = I
| b+2 -2 : [Ans: (4) A—AT]
[ 1
(A+B)2 _ atl 0 :||:a+1 O:| 1 9. If A and B are symmetric matrices of order n,
(b+2 2| b+2 -2 : where (A # B), then
(a+1)2 0 : (1) A+ B is skew-symmetric
= ! (2) A+ B is symmetric
(a+1)(b+2)-2(b+2) 4 : (3) A+ B is a diagonal matrix
) [1 —1][1 -1 -1 0 : (4) A+ B is a zero matrix
A= 2 -1]|2 -1 [0 -1 . Hint : (A+B)T = AT+BT=A+B
~ 2 _ 0 [Ans: (2) A + B is symmetric]
B® = b —1||p -1| |ab-b b+1| ' 10. IfA=[ ] and if xy = 1, then det (AAT) is
- Y a
. 2 2 |
Since (A + B)? = A?+ B? | equal to
(a+1 0f a 2+b a-1 : (1) (a—1)? (2) (a®+1)?
(a+1)(b+2)-2(b+2) ab b b+l l (3) a*-1 @) (1)
_ 1], (a0 x a
-1 a+b-1 a-1 ' Hint : A= ]:AT=[ y:|
0 = ab—b b | Ly 4 roa
a—1=0 : det (AAT) =det (A) . det (AT) = det (A). det (A)
|
— . — — X
= a = l,b 4 [Ans.(2)a—1,b—4] : det(A)= —az—xy=a2—l[‘.'xy=1]
L% | T 2 ¢ 2 2_1y2
7. If A 2 1 —2| is a matrix satisfying the ! det (AAT) =(@—1)(@"-D)=(a" - 1)
! [Ans: (4) (a*>-1)]
a 2 b :
|
|
1
1
1
|
|
|
|
1
1
1
|
|
|
|
|
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A| =27

ex—2‘62x+3ie2+x‘e7+x: 0
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XTIt = R,x a, R,x b, R,x c and divide by abc
= e3x +1 — e9 +x
3x+1 = 9+2x o ;Cl N Z_ L a1
= x = 8|Ans: (2) §] Sabe |2 b) 247 4 3
12. If the points (x, —2), (5, 2), (8,8) are collinear, then oy ¢
x is equal to [Hy- 2018] 2a x; a x
1 - abc abc
(1) -3 (2) 5 (3) 1 (4) 3 126 Xy M| = 7 =|b Xy W= T
Hint : Since the points are collinear, area of the triangle 2¢ x5 ¢ B 0
' 1
is 0. 1 Y -2 1 [Ans: (3) §]
Absolute value of 5 5 2 1=0 B
8§ 8 1 14. If the square of the matrix |:0c :| is the unit
[R5 |52 : - :
Absolute value of — | x +2 +1 =0 matrix of order 2, then a, § and y should satisfy
20 81 8 1 8 8 the relation.

1
Absolute value of > [x(2-8)+2(5-8)+1(40-16)]=0
1
Absolute value of > [6x—6+24]=0
1
Absolute value of 5 [6x+ 18]=0

Absolute value of 6x +18=0=6x=18 = x=3
[Ans: (4) 3]

2¢ X1 N

b
13. If 2 Xy Y, 2%7&0, then the
2¢c X3 )3
area of the triangle whose vertices are
ERCRTER:
a’ a b’ b c’ ¢
1
(1) 1 (2) 1 abc
1
3) 3 4) 3 abc
Hint : Area of the triangle
LS I
a a
= Absolute value of 1|% ¥ 1
2|b b
R IR
C
XN |
a a
1
: 2 M
— 22 2
Consider > %
R TR
C

orders@surabooks.com

(1) 1+a*+py=0
3) 1-a?+Py=0

@) 1-02-By=0
() 1+02-Byr=0

Hint : Given [a b :||:OL P :| S0
Yy —o]ly -o [0 1)
= o’ +By o - of | _ 1 0]
pef—/oef By + o2 [0 1]
o’+By 0 1 0]
= =
0  By+o? [0 1)
= o+ By = 1
= I-o?>~By = 0

[Ans: (2) 1- o? — By = 0]
a b c ka kb kc
15. If A= |x y gzl ,then|px ky kg is
P 4 r kp kq g
Q) kA (3) 3kA

(1) A @) BA

Hint :Taking k common form R , R, and R, we get,

ka kb ke
kx ky kz|=iP|x y z| =IPA [Ans: (4) KA
kp kq kr P qr

3-x -6 3
-6 3-x 3| =0is
3 3 —6-x
() 0 (4) -6

a b ¢

16. A root of the equation

(1) 6 2 3

Hint :
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—x  —x —x . 19. If |.| denotes the greatest integer less than or
6 3—x 3 =0 : equal to the real number under consideration and
3 3 6 I -1<x<0,0<y<1,1<z7<2,then the value of the
. I [x]+1 LVJ I_ZJ
.. |
[ Applying R, = R, +R, +R;] ! determinant | Lx! [»]+1  [z] [is
16 X ! ; ! Lx]  |»] Lzl+1
—x|- -X =0 |
+
33 6y : M lzl @ W] 3 L @ L+
. r =0 s L) L] oo
is a root of the equation. [Ans: (3)0] + Hint :| |x| |y]+1 |z]|=| -1 0+1 1
1
0 a —-b| | | x| lyv] |z]+1 -1 0 1+1
17. ThevalueofthedeterminantofA=|—_g ¢ ¢| . v —l<x<0=|x]=-1
IS b —¢ 0 : 0Sy<l=>LyJ=0
(1) —2abc 2) abe I 1<z<2=|z]=1
1
3) 0 4) @+ b+ . 0 01 1
|
0 a b | -1 1 = 1‘_1 0‘ [Expanded along R, ]
Hint: A=~ 0 ¢|=0-a| @ | -b| " o N 4
. - - - - 1
b 0 b —c| = 1[0+1]1=1=|z][Ans: (1) Lz]]
b —C 0 1
|
=—a (= bc)-b (ac)=abc—abc=0 [Ans: (3) 0] ! a 2b 2c
18. If x, x,, x, as well as y,, y,, y, are in geometric | 20. Ifa =b,b,csatisfy |3 p  ¢|=0, then abc =
progression with the same common ratio, then the ! 4 a b
points (xlsyl)a (xz 'V, )s (x3 ay3)are 1 (1) a+b+c 2) 0
|
(1) vertices of an equilateral triangle : (3) b3 (4) ab+bc
(2) vertices of a right angled triangle I a 2b 2c
(3) vertices of a right angled isosceles triangle : Hint:3 » ¢|=0 anda=b
4 collinear |,
(4) : 4 a b
Hint : x, x,, x, are in G.P. L = a(b*—ac)—2b(3b —4c) + 2¢(3a — 4b) =0
Let iF be represented as a, ar, ‘"22)’1’ ¥, ¥y are in G.P ' = ab®—dPc—6b*+ 8bc + 6ac— 8bc =0
Let it be represented by b(’T];r’ bg tio) L = ab?—6b* - aPc + 6ac = 0=b* (a — 6) — ac(a— 6) =0
ey have same common ratio = (a-6)(P—ac)= 0= a=6or B =ac
1x1 Mol 19 b1 ' = b=ac=Db =abc [Ans: (3) b7
Areaofzzxz Y 1—5 a;f b;f 1 : 1 2 4 2 4 2
AP C R ar” bre 1 :21. IfA=|{3 1 o andB= | ¢ 2 ¢|.then Bis
I 11 : -2 4 2 -2 4 8
_ab :
2 el ) ! given by
ot [Ans: (4) collinear| | (1) B=4A (2) B=-4A
|
: 3) B=-A (4) B=06A
! -1 2 4
' Hint : A =1[3 1 0| and
: -2 4 2
|

orders@surabooks.com
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-2 4 2
B =16 2 0
-2 4 8
-2 4 8
ThenB =-16 2 O|R, ¢ R,
-2 4 2
Taking out 2 from R, and 2 from R,, we get
-1 2 4
B =-2)2)|3 1 0/=-4A
-2 4 2

[Ans: (2) B=—-4A]
22. If A is skew-symmetric of order n and C is a

column matrix of order n x 1, then CTAC is

(1) an identity matrix of order n
(2) an identity matrix of order 1
(3) a zero matrix of order 1

(4) an identity matrix of order 2

Hint : Cisofordern x 1 = CTis of order 1x n
. CTAoforder 1 x n

And CTAC is of order (1 x A) x (A x 1)=(1 x 1)
Since A is a skew-symmetric matrix, CTAC is a

zero matrix of order 1.

[Ans: (3) a zero matrix of order 1]

23. The matrix A satisfying the equation [1 3:|
r 7 0 1

A= 1 1 is
[0 -1
[ 1 4] 1 —4
(1) (2) [ }
-1 0] 1 0
(1 4] 1 —4
(3) 4) [ }
0 -1 11
1 3 1 1
Hint : =
m [o 1]A 0 —1]
LetA = K
© B Ks d
1 3[a b (1 1
- 0 1llec a] "o -1
a+3c b+3d| (1 1
= c d a [0 -1
= c=0andd=-1

Alsoa+3c=1= a+0=1= a=1

orders@surabooks.com

b+3d=1= b+3(-1)=1= b=4

SRt

3
4

-5 -4
ol )
5 4
o [ ]

24. IfA+I=|:

Hint : A+1
A+[1 0]

0 1
= A
= A
A-1
LA+ (A-T)

1 4
[Ans: (3) [0 _1:|]

_2] , then (A+1) (A-1I) is equal to
1

-5 4
> |5

-5 —4
@ 55

1
)|

r

I

I

1

1

AW A NOD DA WA WD W
|
[\O]

211 =2
114 -1

(3-8 —6+2] [-5 —4
4+4 —8-1] [ 8 -9

N

-5
[Ans: (1) [8

25. Let A and B be two symmetric matrices of same
order. Then which one of the following statement

is not true?

(1) A+ B isasymmetric matrix

(2) AB is a symmetric matrix

(3) AB=(BA)T
4)

ATB =AB"

Hint : For symmetric matrix = AT = A

(BA)'=ATBT=AB
ATB=AB=AB"
Sum of two symmetric matrix is also a symmetric
matrix.
AB is a symmetric matrix is not true.
[Ans: (2) AB is a symmetric matrix]
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ADDITIONAL PROBLEMS
SECTION - A (1 MARK)

4 3
1. If |: ) :| is singular then the value of x is
-2 x

[Hy - 2018]

3 3
(1 = @ - 033 “4) 2
? ? 2 -1
[Ans: —=
2
2. Which one of the following is not true about the
1 00
matrix [0 0 0[? [March - 2019]
0 0 5

(1)  anupper triangular matrix
(2)  alower triangular matrix
(3)  ascalar matrix
(4)  adiagonal matrix

2 A 3
3. If{0 2 5| isasingular matrix, then A is
11 3
-8 -8
(1) r=2

Hint : Expanding along C,, we get
2(6-5+1 (5A+6)=0
-
5
0 x—-a x-b
4. Iff(x)y=|x+ta 0  x—c| then
x+b x+c 0

[Ans: ) A=

(1) f(@=0 () f(b)=0
(3) f(0)=0 4 f(1H)=0
0 —a -b
Hint : f(0)=la 0 —c|l=qa(bc)—b(ac)=0

b ¢

[Ans: (4) £(0) =0]

5. Find the odd one out of the following :

o -7
[ o 2} @ |’ 2
-2 0 7

5 0
@ | o 32] @) [O 1]
|32 0 10

Hint : (1), (2), (3) are skew symmetric and (4) symmetric
0 1
Ans: (4
Ans: (@) [1 0:|]

PH: 9600175757 / 8124201000 / 8124301000
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[Ans: (3) a scalar matrix|

2) 2#£20) A=75 @ A —

Choose the correct statement

(1) Matrix addition is not associative
(2) Matrix addition is not commutative

(3) Matrix multiplication is associative
(4) Matrix multiplication is commutative

[Ans: (3) Matrix multiplication is associative]
Choose the incorrect statement
(1) Matrix multiplicationis non commutative
(2) Matrix addition is associative
(3) Singular matrices have inverse
(4) Non singular matrices have inverse

[Ans: (3) Singular matrices have inverse]

Assertion (A) : The inverse of |: 2 _1] does not
exist. -4 2

Reason (R) : The matrix is non-singular

(1) Both A and R are true and R is the correct
explanation of A

(2) Both A and R are true and R is not a correct
explantion of A

(3)  Aistrue but R is false
(4)  Adis false but R is true
[Ans: (3) A is true but R is false]

SECTION - B (2 MARKS)

xX—y 2z+w
Find x, y, z and w such that =

5 3 2x—-y 2x+w
12 15

Sol Gi x—y 2z4+w 5 3
tion : =
ofutton tven 2x—y 2x+w| [12 15

Equating the corresponding entries on both
sides, we get

.. (D)
.. (2)
= x =7
Substituting x = 7 in (1) we get,
T—y =5
= y =2
2z+w =3 ..(3)
2x+w =15 .. (4)
2(7)+w =15

= 14+w =15
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A — AT is skew symmetric o 0 10
. : 3. IfA= and B= find the values of o
.". A can be written as sum of symmetric and 1 1 51

for which A2 =B.
Given A2 = B

I R B

PH: 9600175757 / 8124201000 / 8124301000

skew symmetric matrix.
Solution :

=

ooowel : 70 30
Substituting w =1 in (3) we get, 1 1. FindXandYifX+Y= 5 5 and X-Y= 0 3
2241 =3 : 0
_ _ I 7
= % —Z=z=1 I Solution : X+Y = |: :| .. (1)
sx=T,y=2,z=landw=1 : _2 5
(1 — 30
b= 3 X-Y = ] o)
2. For what value of x the matrixA= (1 2 1] [0 3
is singular. x 2 -3 10 0 5 0
Solution : The matrix A is singular if |A| = 0 | = X =, g PXT 4
1 -2 3 ! Ny
! 50
= 2 1 =0 ! Substituting X = | oa| Weeet
x 2 3 I L |
: - 3
N T T | [50]+Y:70
= + + =
2 3 Tk 3 ko2 | b4 " &2
7 0 50 20
=  (6-2)+2(3-x)+32-2x) = 0 : N Y = _ _
I 25 1 4 1 1
= —8—5—2x+ K—6x= 0 I - O: 5 0
! 5
= ~Bx=8 =x = -1 ! X = | 4 andY=|:1 l]
3. Without expanding evaluate the determinant | -
41 1 5 ' 2. Find non-zero values of x satisfying the matrix
79 7 9 ! 2x 2] [8 Sx 2x2+824
tion, + =
29 5 3 i1 s | equation, x| , 4 dx 0 6x
1 2
PR = x“+8 24
Solution : LetA 79 7 9 ' Solution : Given x 2x 2 PN 8 5x N
29 5 3 l x 4 4x 10  6x
. 1 ~ — -
Applying C; — C, +(-8) C; we get | 2x* 2x| [16 10x 2x°+16 48
115 = 2Tl s sl
| 3x «x X | 20 12x |
A=117 9=0T[-C=C) | , T, .
5 5 3 : - 2x7+16 2x+10x|  [2x"+16 48
= A=0 : 3x+8 x2+8x_ | 20 12x |
! 2 T (5.2 ]
SECTION - C (3 MARKS) L lzx +16 212x |27 416 48
1. Prove that square matrix can be expressed as the : ) 3+ x +.8x_ L 20 .12x_
sum of a symmetric matrix and a skew-symmetric ' Equating the corresponding entries on both sides, we get
matrix. [March - 2019] | 12x = 48 =x=4
Solution : Let A be square matrix : andx>+8x = 12x =>x2—4x=0
1 - T L= x(x—4)=0 =x=0,4
Then A= E(A+A )+ E(A_A ) | Since x = 0 is not possible
We know that A + AT is symmetric L= x = 4.
|
|
|
|
1
1
1
|
|
|
|
|
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o’ +0 0+0 10 2 0 c—b
= =
a+l 0+l 51 =2b(b+c)1 ~-1 1 /=0
2 1 1 -1
— o 0 _ 1o = (a + b) is a factor.
o+l 1 51 Similarly (b + ¢) and (¢ + a) are factors
— o =lora+1=5 (.. |A] is in cyclic symmetric form in a, b, ¢)
= o ==+loro=4 Degree of |A] is 3. . .
which is not possible. The degree of the obtained factor is 3.
Hence, there is no value of o for which A? = B is true. |A|_: k (@+b)(b+c)(c+a)
Substituting values, we get k=4
4. Show that the points (a, b + ¢) (b, ¢ + a) and 24 ath cta
(¢, a b) are collinear. Llatb <2 bie =4 (a+b)(b+c)(c+a)
Solution : Let the points be A(a, b + ¢), B(b, ¢ + a) and cta cib —2¢
C(c,a+b) X 1 2. VWithout expanding evaluate the determinant
Y sino. coso sin(o+3)
Area of the AABC = absolute value of > X, ¥y, 1 sinp cosp sin(B+9)
X oy 1 siny cosy sin(y+38)
e b+c 1 sinot  cosa  sin(o+3)
= absolute value of 5 b c+a 1 1 Solution: LetA= [sinp cosp sin(B+3)
Applying C, — C, +C, we get, c a+b 1 siny cosy sin(y+39)
sinot  coso  sinoLcosd+cososind
atb+c b+c 1 . ~ i
1 A = |sinf cosP sinfcosd+cosPsind
Area of AABC = 9 atb+c c+a 1 siny cosy sinycosd+cosysind
atb+c ;H-: ! . ['.-sin (A + B) =sin A cos B + cos A sin B]
+c
1 @+b+oll c+a 1 Applying C; — C; — (cos 8)C, — (sin 8)C, we get,
2 sinow cosa 0
1 a+b 1

[Taking out (a + b + ¢) common from C, ]

= %(a+b+c)(0)=0

.. Since area of AABC = 0, the given points are collinear.

SECTION - D (5§ MARKS)

1. Using factor theorem, show that [Hy - 2018]
—2a a+b c+a
a+b -2b b+cl=4@+b)(b+c)(c+a)
cta c+b 2¢c
—2a a+b c+a
Solution : A =la+b -2b b+c
c+a c+b 2c
Leta = -b
2b 0 c—b 2b 0 c—b
0 —2b b+c = |2b =2b 2¢
c—b c+b -2 b+c I+c¢ —(b+0)
R,— R,+R,
R, > R;+R,

orders@surabooks.com

Expanding along C;, we get

3. Show that |x? y 2

Solution :

A= [sinf} cosf 0
siny cosy O

A=0

X y z

P = e-y) (-2 G -%)

3 y3 2

X y z

LetA = |x y2 z?
3 y3 i

Taking x, y, z common from C,, C, and C,
respectively,

1 1 1
A= xyz|x y z
PR

Applying C, -C,-C, and C; - C,-C, we
get,

PH: 9600175757 / 8124201000 / 8124301000
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1 0 1 1 0 0
A= xyz|x y—x z—X A= xyz(y—x)(z—x) | X 1 1

xr yr-x? 2=yt x> y+x z4x

Taking (y —x) and (z — x) common from C, &

C, respectively

Expanding along R we get,

A= xz(y—x(-x)[z-)]
A= xyz(x-y)(y—2)(z-x)
Hence proved.

POINTS TO REMEMBER

In this chapter we have acquired the knowledge of

+ A matrix is a rectangular array of real numbers or real functions on R or complex numbers.

+ A matrix having m rows and n columns, then the order of the matrix is m x n.

+  AmatrixAfa,] . issaidtobea
ijimxn
square matrix if m =n
row matrix if m =1
column matrix if n =1

zero matrix if a;= 0Viandj

diagonal matrix if m = n and a;=0 Vi#j

scalar matrix if m = n and a;= ov

i#janda, =\ foralli

unit matrix or identity matrix if m = n and a;= Oforalli#janda,=1Vi

upper triangular matrix if m = n and a;= OVi>j

lower triangular matrix if m = n and a;= 0vi<j.

4+  Matrices A = [al.j I,uxp @nd B = [bij]an are said to be equal if a;= bl.j YV iandj

+  IfA= [a;],, and B=1[b,] . .thenA+B=[c], . ,where c,=a, +b,

+ IfA= [a;],,and A is a scalar, then AA = [kal.j]mm

+ -A=(-DA

+ A+B=B+A

+ A-B=A+(-1)B

+ (A+B)+C=A+(B+C)where A, B and C have the same order.

+ A(BC)=(AB)C (ii) A(B+C) = AB+AC (iii) (A+B)C = AC+BC

+  The transpose of A, denoted by AT is obtained by interchanging rows and columns of A.
i) (AHT=A, (i) (kA)T=kAT, (i) (A+B)'= AT+B', (iv) (AB)"=BTAT

+  Asquare matrix A is called

(i) symmetric if AT = A and (ii) skew-symmetric if AT =~ A

orders@surabooks.com
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4+ Any square matrix can be expressed as sum of a symmetric and skew-symmetric matrices.

+  The diagonal entries of a skew-symmetric must be zero.

+  For any square matrix A with real entries, A + AT is symmetric and A — AT is skew-symmetric and
further A = % (A+AT)+ %(A —AT).

Determinant is defined only for square matrices.

AT [=]A].

|AB| = |A| |B| where A and B are square matrices of same order.

IfA= [al.j I,n x  then [kA| = K" |Al,where £k is a scalar.

+ + + + +

A determinant of a square matrix A is the sum of products of elements of any row (or column) with its

corresponding cofactors; for instance, |[A|=a;, A, ta,, A, ta ;A

<

If the elements of a row or column is multiplied by the cofactors of another row or column, then their
sum is zero; for example, a,, A ;+a,, Ay; +a;; A =0.

The determinant value remains unchanged if all its rows are interchanged by its columns.

If all the elements of a row or a column are zero, then the determinant is zero.

If any two rows or columns are interchanged, then the determinant changes its sign.

If any two rows or columns are identical or proportional, then the determinant is zero.

If each element of a row or a column is multiplied by constant £, then determinant gets multiplied by £.

If each element in any row (column) is the sum of » terms, then the determinant can be expressed as
the sum of » determinants.

+

A determinant remains unaltered under a row (R,) operation of the form R, + aR, + BR, (j, k# i) ora
Column (C,) operation of the form C, + och +BC, (/, k # i) where a,p are scalars.

+  Factor theorem : If each element of |A| is a polynomial in x and if |A| vanishes for x = a, then x — a
is a factor of |A|.

+  Area of the triangle with vertices (x,, y,), (x,, ¥,) and (x;, y,) is given by the absolute

XN 1
value of > X, Yy o1
X3 Vs 1

+  Ifthe area is zero, then the three points are collinear.

+ A square matrix A is said to be singular if |A| = 0 and non-singular if |A| # 0.

+ 4+ + + + +
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VECTOR ALGEBRA-I

MUST KNOW DEFINITIONS

Scalar: A Scalar is a quantity that is determined by its magnitude.

Vector: A vector is a quantity that is determined by both its magnitude and its direction and hence it is
a directed line segment.

%

Position Vector: Let O be the origin and P be any point (in the plane or space) Then the vector OP is
called the position vector.

- >

Magnitude of a Vector: Magnitude of AB =[AB| is a positive number which is a measure of its length.

The arrow indicates the direction of the vector.

Types of vectors:

10.

Zero or null vector: A vector whose initial and terminal points are coincident.
Unit Vector: A vector whose modulus is unity.

Like and unlike vectors: Like vectors have the same sense of direction and unlike vectors have
opposite directions.

Co-initial vectors: Vectors having the same initial point.
Co-terminus vectors: Vectors having the same terminal point.

Collinear or parallel vectors: Vectors having the same line of action or have the lines of action
parallel to one another.

Co-planar vectors: Vectors parallel to the same plane or they lie in the same plane.

5

Negative vector: Vector which has the same magnitude as that of a but opposite direction is called
-

the negative of a .

5
Reciprocal of a vector: vector which has the same direction as that of « but has magnitude

_)
reciprocal to that of a
-~ 1
[(a)" |= -
Free and localised vector:

When the origin of the vector is any point it is called as a free vector, but when it is restricted to a
certain specific point it is said to be a localised vector.
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a Properties of addition of vectors:
e
1. Vector addition is commutative (a +b =b+a)
- - - o - -

2. Vector addition is associative (a+b )+ ¢c= a+(b+c)

e e e T -
3. Forevery a, a+0=0+ a where 0 is the null vector (additive identity)

- - - - -
4, Forevery a, a+(—a)=(—a)+ a [additive Inverse]

a Multiplication of a vector by a scalar:
- - - - -
1. m(—a)=(-m)a =—(ma)where a and b are any two vectors and m is a scalar.

- -

2. (—m)(—a)=ma

3. m(n2)=(mn);:n(m2)

4, (m+tn)a=ma+na

- - - -
5. m(atb)=ma+mb

- - - -
6. m(a-b)y=ma-mb
- — — — —
AB = OB-0OA where OA and OB are the position vectors of A and B respectively.
Q Rectangular resolution of a vector in two dimensions:
% A A A A

If P(x, y) is a point then OP = xi + yj where i and j are unit vectors along OX and OY
respectively.

a Rectangular resolution of a vector in three dimensions:

% A A A AN A A
If P(x, y, z) is a point in space, then OP = xi+ yj + yk where i,/ and k are unit vectors

along OX, OY and OZ respectively.

- -

- -
Q Scalar Product: a-b=|a| b|cos 6, 0<6<T.
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Properties of Scalar Product:

- -
1. a - b is areal number
- - - -
2. a-b=0salb
- - - -
3. If6=0,then a-b =|alb|
- > - -

4. If0=mthen a-b =—|a|b|

P 5o
5. cos 0 = ——— where 0 is the angle between a and b
lallb]
- 5 o - - - -
6. a-(b+c)=a-b + a-c (Distributive property)

- - - > S

>
7. (a)-b=I1(a-b)= a-(1b)where\is a scalar

Application of dot product in geometry, physics and trigonometry

- - - - - Y

1. Projection of a on other vector b is a-b (or) a- | —-| (or) —-(a-b)
b b
T 3n .. .

2. If 6= B or > then P the projection vector will be a zero vector.

- = — -
3. Work done = F-d where F is the force and 4 is the displacement.
Vector (cross) product of two vectors :

- - - - - - A A

Vector product of two vectors a

- -
perpendicular to both @ and b .

Properties of cross product :

- -
1. a x b is a vector

- -

2. axb= 0 if and only if

- -

and b is axb =|a||b|sin® n;0 <0 <m. nisavector

- -

allb

3, If9=£, axb =|a||b|

A A /\ A A

A A A A A A A A

4. iXi=jxXj= kxk Oanle] k,jxk=1i, kxi=j

5. sin@ = ‘aXb
|a||b|
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- - - R
6. ax (b + c¢)= axb+axc (Distributing vector product over addition)

- - - - - -
7. laxb)=(a)xb = ax(lb)
a Application of vector product in geometry, trigonometry and physics :

- -

axb

- - :
where a and b are the adjacent sides of a triangle.

1.  Area of a triangle = By

- > - >
2. Areaofaparallelogram =|a x b | where a,b represent the adjacent sides of a parallelogram.

- - - -
3. Moment (or) Torque of force F about the point O is defined as m = rx F

FORMULAE TO REMEMBER

-

QO  If P(x, y, z) is a point in space with respect to the origin O(0, 0, 0) then | 7 | =OP =/x* + y* + z* (magnitude
%
of OP)

—
0O  Direction cosines of OP is cos a, cos B, cos y where a, B, y are the angles made by the vector with the
positive direction of x, y, and z axes.

X y z - >
O I=cosa=—, m=cosP==, n=cosy=— wherer=|r|=|OP|
r r r

QO  [2+m?*+nr?=1butd®+b*+c*+ 1 where a, b, c are the direction ratios.
C

a AB+BC = AC [triangle law of vector addition]

[Parallelogram law of addition]
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e
O a+b =b+a (commutative property)
- - - - - >
Q (a+b)+ c=a+(b+c) (Associative property)

5
QO |Aa|=]A|| a|where A is a scalar.

A 1 =
Q  Unitvector g = —-a.
la|

— 2 2
Q If P,(x,,»,,2,) and P,(x,, y,, z,) are any two points, then PP, = \/(xz - x1) + (J’z - yl) o (Zz - Zl)

2

- -

O The position vector of the point R which divides P(a ) and Q( b ) internally in the ration m : n is
BN a+ -
OR =" b+na

m+n

N

0 > P
- -
— mb-na

O The position vector of the point R which divides P and Q externally in the ratio m : nis OR = n
m+n

. . A = a+b
O IfR is the mid-point of PQ, then OR = 2
- - - - - -

O Scalar product of two vectors a-b =|a|| b|cos ® Where 0 is the angle between a and b 0<0 <m.

b
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AN A A VANEAN AN A A A
a For mutually perpendicular unit vectors 7,/ and k, we have i-i = j-j = k-k =1 and
VANEVAN AN A VANEVAN
i-j=jk=k-i=0
- >
O Angle between two non-zero vectors a and b is given by cos 0 = ——
lallb|
4 — - - - Z 1 -~
O  Projection of a vector @ on the other vector b is givenby a-b (OR) a-—(OR) — a-b
|| 1]

- - - -
O If a, B, y, are the direction angles of the vector a=aq, i+a, j+a,k, then its direction cosines are

- A

ac _a a a
coso=———=—-, cosp=—2, cosy=—-.
lalle] al la| lal

- = - -
Work done F-d where F is the force and ¢ 1is the displacement

- - B T A
O  Vector product of two non-zero vectors a and b is axb=|al/b|sin®n where 0 < 6 < =
A d b
and 7 is a unit vector perpendicular to both @ and b

A A AA AA — AA AAA A AA A
O  ixi=jXj=kxk=0and iXj=k, jXk=i, kxi=j y z

A A A A A AN A A A

d sin6=% o 3>
lal|b] I
Aoaxb :
a n=—— I
|axb | :

- -
O If a and b represent the adjacent sides of a triangle then its area is %| axb|

i j ok
O Leta=aqgi+a,jtayk and b=b i+b, j+b, k, then axb=|a, a, a,
bl bZ b3

O  Torque = rx F where F is the force.
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2. Prove that the relation R defined on the

TEXTUAL QUESTIONS Prove that he reladon R defined on
EXERCISE 8.1 equivalence relation on V.

- 5 o
Solution : Let a, b, ¢ € V, where V is the set of all
1. Represent graphically the displacement of (i)

45cm 30° north of east. (ii) 80km, 60° south of

vectors.

- -
Let R be the relation defined by a = b

1
1
:
1
1
1
1
1
:
1
1
west | - - . .
Solution : , () Reflexive: a = a=aRa= RisReflexive.
: | - - =S
(1) 45 cm 30° north of east. , (i) Symmetric: a = b=b=a
N | s aRb = bRa = R is Symmetric.
! - T - -
. (iii) Transitive: a = b, b=c=a=c
P : s aRb, bRc = aRc
: . R is transitive.
W 30° E : Hence, R is an equivalence relation.
(0] : - -
1 3. Let a and b be the position vectors of the points
1
! A and B. Prove that the position vectors of the
1
| points which trisects the line segment AB are
| - - - -
I a+2b b+2a
N 1 and .
The vector OP represents a displacement of 1 Solution : A s ) >B
1
45 cm, 30° north of east. !
! - -
(ii) 80 km, 60° south of west. . Let a and b be the position vectors of the points A and B.
N : —_ - - >
, = 0OA=a and OB=5.
1
! Let P divides the line segment AB in the ratio 1:2 and Q
1 divides the line segment AB in the ratio 2:1
1
! N — —
W 0 P Lob -~ LOBF2A0M)
60° : 1+2
1 - - - -
! 1(b)+2(a) b+2a
1 = =
I 3 3
Q ! —> —>
! — 2(OB)+1(0A)
! and OQ = —F—
S ! 2+1
- - - -
~ . : 2b+a  a+2b
The vector OQ represents a displacement of = 3 - 3
80 km, 60° south of west. : SN
1 ) . b+2a
' Hence, the required position vectors are and
: - -
1 a+2b
L3
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4. TIfD and E are the midpoints of the sides AB and AC : 5. Prove that the line segment joining the midpoints
£ trianele ABC . l;E I?C 3 1?: ! of two sides of a triangle is parallel to the third
ofa triangle » prove that + T \ side whose length is half of the length of the third
! ide.
Solution :  Let the position vectors of the vertices of the ! s_l ¢ . .
NN I ! Solution : Let the position vectors of the vertices of the
AABCbe a, b and ¢ tively. ) - 2 - .
© an respectively : triangle be a, b and c respectively.
. OA-a.0B - b andOC—c l SO I~
) ! OA = a,OB = band OC = c.
A
a : Since D is the mid-point of AB,
|
1 % % - -
%
D E ! oD - OA+OB _ a+b
I 2 2
| Also E is the mid-point of AC,
|
- — s
B SC ' —
3 z ! OF - OA;OC _ a;c
|
Since D is the mid-point of the side AB, ! -5 5 5 o
- - : = A atc a+b
N 4 : DE = OE -O0OD = -
op = ¢ (D) 2 2
I A SN - -
and E is the mid-point of the AC : _ /{+C—/{—b: c—b
- - : 2 2
op _ ate . e e
= - - @ = (0C-0B)=_(BC)
RN NN - - N - —>_ - I RN RN
BE = OE-OB = 2%5; b::”*é 4§ N DE = A(BC)where A=~
|
1
[From (2)] 1 - — — 1 =
L AN | . DE||BCand DE = 5 (BO)
- ~ a+b 2c—-a-b : — —
DC=0C-0OD = c- 5> > 1 Hence, DE is parallel to BC and whose length is half of
1
e e ' the length of the third side.
.n§E+Bé _ atc=2b 2c-a-b |
2 2 ' 6. Prove that the line segments joining the midpoints
+;>_ 2;_'_ 2?_ Z _Z : of the adjacent sides of a quadrilateral form a
- 5 : parallelogram.
3;) 3Z 35 - . Solution :
= 5 = E(C -b) : 9D R C
NN ! d <
= =(0C-OB) :
| s Q
- = —
- BE+DC = ZBC I
1
A B
Hence proved. : =~ P -
|
| Let the position vectors of the vertices of the
: - 5 o -
! quadrilateral be @, b, c and d .
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Let P, Q, R, S be the mid-points of the adjacent
sides of the quadrilateral.

- -
7. 1If a and b represent a side and a diagonal of a

To prove that PQRS is a parallelogram. parallelogram, find the other sides and the other

- 5 5 o

and PQ = 1(SR) = PQ|ISR Solution : GivenPO + OQ = QO +OR

Thus, one pair of parallel sides of PQRS are - —
= PQ = QR
parallel and equal. . .
[By triangle law of addition]
- PQRS is a parallelogram. — —
= PQ = QR

and Q is a common point.

|
|
|
I
1
A : diagonal.
| Solution :  Let ABCD be the parallelogram.
|
I D a C
D E I
:
! - —
I —, e - -
B C : “ ’ b-a
1
|
SN - - SN - - :
op - a+b’ 00 = b+c, : A R
2 2 : 7 B
% - = % - = 1 % N % N
OR = C;d, 0S-= “;d : Let AB = a and AC= b .
|
| — - =
Now. z — 0_Q>_$ ! InAABC,AC = AB + BC
- - - - : Y > =
= b = a+BC
_ b+c _ib ! N oo
2 : = BC = b-a
1? + Z—;—l—; . Since ABCD is a parallelogram,
R | > -
N | CD = - AB
c—a ! — -
- = () O - _a
- SEENIEN ! — — - -
SR = OR-0S I DA = (BC)=—(b-a)
- - - - I — - 7
c+d a+d = DA = a-b.
= ) : - - = 5 5 5 5 S
L5 L I InABCD, BD = BC+CD =b-a—a =b-2a
_ C+1{_a_/{ : - >
N\ 2 i Hence, the other sides of the parallelogram are b—a,
- - : - - - - -
_ c-a ” ! —a, a—>b and the other diagonal is b —2a .
2 ~ @ - = 2> = ,
SEEEN 8. If PO+0Q=QO+O0R prove that the points P,
From (1) and (2), PQ= SR : Q, R are collinear.
— - > - |
1
1
|
|
|
|
1
1
1
|
|
|
|
|

Hence, the points P, Q, R are collinear.
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9.

Solution :

If D is the midpoint of the side BC of a triangle
- — —

ABC, prove that AB + AC=2AD.

Let the position vector of the vertices of the
- - -
triangle be a, b and c respectively.

e T S N
~ OA=a,0B = b,0C=c.

Since D is the mid-point of BC,

- -

— b+ c

OD =

(D)

- = =
To prove that AB + AC=2AD

A~>
a

B C
= D c
b C

- -

AB + AC

- 5> 5
= OB-OA +0C-0A

- 5 -5 -
= b-a+c—-a

- - o
= b+c-2aq

—
2AD

- -
- 2(0OD-0A)

Il
)

S LHS =

Hence proved.

orders@surabooks.com

10. If G is the centroid of a triangle ABC, prove that

- o5 o o

GA+GB+GC= 0 . [Hy - 2018]

Solution : Let the position vector of the vertices of the

11.

- > -
AABCbe a, b and c respectively.
- 5 = N S
.. OA=a,0B = bH,60C= c.
Since G is the centroid of AABC, we have
- — —
- OA+OB+0C
= oG = N © BB
— - = —
= 306G =0A+0B+0C .. (1)
- — —
Now, LHS = GA+GB+GC

R T T e e
=  0OA-0G+O0B-0G+0C-0G
- S > -
=  (OA+OB+0C)-30G
- -5 - N e
=  (OA+OB+0C)-(OA+OB+0C)= 0

= RHS Hence proved.

LetA,B,and Cbethe vertices of a triangle. Let D,E,

and F be the midpoints of the sides BC, CA, and
- = = S
AB respectively. Show that AD +BE + CF=0.

Solution : Let the position vector of the vertices of the

- - -

AABC be a , b and c respectively.

Since D is the mid-point of BC.
- >

. (?) _ btc
A
a
F E
C
v
E is the mid-point of AC,
- -
- a+c , .
= OE = and F is the mid-point of AB
- -
g _atb
2
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- = > =
To prove that AD +BE+CF= 0

- o> >

LHS = AD+BE+CF

= OD-OA+OE-OB + OF-0C

i e e

- - - - - -
b+c — a+c

2 2 2

- - - 5 - - -5 -

- a+b 7

—a + —b+ —c

-

b+c-2a+a+c-2b+a+b-2c¢

.
0

2

N
= 0 =RHS
2

Hence proved.

12. 1If ABCD is a quadrilateral and E and F are the
midpoints of AC and BD respectively, then prove

- >

- > o

that AB + AD + CB + CD=4EF .

Solution : Let the position vector of the vertices of
- 5 >
the quadrilateral ABCD bea, b, cand d
respectively.
- 5 = -
~OA=a,0B = b,
- - - S
OC = c and OD=d.

Since E and F are
respectively, we have

%
OE

%
OF

the mid-points of AC and BD

- -

a+ c

= and
2

-

b+d
2

- = = = -
To prove that AB+AD +CB+CD = 4EF

C4>

LHS

orders@surabooks.com

B
3

- 5 o >
=~ AB+AD+CB+CD

(1)

Hence proved.

EXERCISE 8.2

. 12+m2+n2=(

(ii) 11

1 [
V27272
. . 1

Given ratios are g s

Let the ratios are / =
23V (4 1 9 16
+ = +] =] = —+=—+—
5 5 25 25 25

Hence, the given ratios are not the direction
cosines of any vector.

I 1 1
2 4 4
Hence, the given ratios are direction cosines
of some vector.

4
Letl=§,m=0,n=—

2[(b+d) - (a+c)]
- =
2[20F —~20E ] [From (1)]

- > o
4[OF-OE]=4 EF =RHS

Verify whether the following ratios are direction
cosines of some vector or not.

3
5
1
5

1

1
_ﬁ,m=5 and n

e L A0

2+1+1 i

4 4

3
4

2 2
. 12+ le + n2: (ﬂ) + 02 +(§)
3 4
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16+ 9 256+81 337 - o . 3/-\+A-+IA€
= 12 =— =
9 16 16 %9 144 (i1) ive vector is 3i+ J

AN A A

The direction ratios of 3i+ j+k are 3, 1, 1.

r = \lxz+yz+z2
= 3P+ =11
1

Hence, the given ratios are not the direction
cosines of any vector.

2. Find the direction cosines of a vector whose

3 1
direction ratios are (i) 1,2 ,3 (i)3,-1,3 Hence,itsdirectioncosinesare ——,——,——
®1,2,3 @3, V11 V117411
(iii) 0,0, 7 A
Solution : (iii) Given vector is J

A

The direction ratios of j are 0, 1, 0.

x = \/362+y2+z2

(1) Given direction ratios are 1, 2, 3
Letx=1,y=2,z=3

r= X2+ +22 = J1+449 = V14 — JO+1240 =1
L . z 010
The direction cosines are d . 2 , — Hence, its direction cosines are —,~,— = 0,
yoror 1. 0. 111
Thus, the directi i ! 2 3 ’
us, the direction cosines are , , AA A
Jia’ 147 1 (iv) The given vector is 5i—3 j—48k

(i) Letx=3,y=-1,z=3

=242 422 =J9+1+9 = V19

Hence, the direction consines are
3 -1 3

V19731919

(i) Letx=0,y=0,z=7

The direction ratios are 5, — 3, — 48.

:

o= Xty ezt
= \/52 +(=3)7 +(-48)°
= J25+9+2304 = /2338

Hence, the direction cosines are

5 -3 —48
cr= Py 422 =N0+0+77 =7 V23382338 /2338
007 . oA A ah
Hence, the direction consines are 7070 V) The given vector is 3i—3k+4

= 3i+4j-3k

The direction ratios are 3, 4, — 3.

=0,0, 1.

3. Find the direction cosines and direction ratios for

Y
the following vectors. - Xy ez -
A A A A A A — 32 + 42 +(=3
G) 3i-4j+8k i) 3i+j+k (-3)
A A A A = Vv9+16+9 = \/ﬁ
(iii) j (iv) 5i-3j— 48k s 4 3
n A " A Hence, the direction cosines are ——,——,—F—
) 3i-3k+4j b ik NN RN 7 e
Solution : o (vi) The given vector is i—k
(1) Given vector is 3i—4 j+8k The direction ratios are 1, 0, — 1.

The direction ratios of 3i—4 j+8k are 3,—4, 8.
r o= \/x2+y2+22
32 4 (—4)’ +8?

J9+16+64 =/89

:

x = X+ y+Z

~—

= JP+0P+ (-1} =2

— . 1 0
Hence, the direction cosines are ﬁ’_f

:LO__I
V272

—

S

. . . . 3 4 8
Hence, its direction cosines are TN

an
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4. Atriangle is formed by joining the points (1, 0, 0),
(0, 1, 0) and (0, 0, 1). Find the direction cosines of
the medians.

Solution : Let the vertices of the triangle be A(1, 0, 0),

B(0, 1, 0), C(0, 0, 1).

% 1
The direction cosines of BE are

- = —
=The median CF = OF — OC

A(I,0,0) 1/\ 1/\ A A A A
= | =i+—=j+0k |-[0i+0j+k
2 2
A 1 A ]/g
F = —it+t—j-
E 2]
1 1 6
B ¢ SR PR
(O, ]’ 0) D (07 0’ 1)
, o W 1 1 -
Let D, E, F are the mid-point of the sides .. Thedirectionofcosinesof CF are , , =
. J6 J6 ' 6
BC, CA and AB respectively. 1 1 =2 Zz ><7 Z2 ><7 7
:> _7 _3 =
D X\ txy, yty, z1+2, 6" V6 6
s Dis . .
2 2 2 11 o .
5. If ,——, a are the direction cosines of some
2’2

) 11 (1 1
=Dis|0,—,—|andEis | =,0, - |,
2°2 2 2

11
Fis|=,—=,0
2°2

vector, then find a.
Solution : Given direction cosines of some vector are

1 1
- - — 5504
Medians AD = OD — OA 2’2 | |
A A A A A A Let Z:_,m:_,}’l = a
= (01+lj+—kJ—(i—0j+0k) V2
. E E We know that 2+ m? +n*> =1
= —it+—j+—k (1)2 ( 1 JZ 5
= —| +H—=| ta” =1
I 1,1 2) \\2
r= Xty +zi= Jl+—+-— 11
4 - —4—+d’ =1
_ Jax1+1 Ve 4 2 i .
4 i = a- = 1—1—5
Hence, the direction cosines of AD are, = 4_i_2 = %
-1 1 1 -2 1 1 1
_’ 2 :>_,_’_
Jo© e e 6" V6" 6 a = _f
— Ax— Ix=— 4
2 2*f T 1
- o - = a= *5

The median BE = OE-OB

A A AP
—i—0j+—k]| _|0i+j+0k
(31034 - (oie ok
1

L \/1+1+i :J1+4+1 :ﬁ

4 2

6. If(a,a+b,a+b+c)is one set of direction ratios
of the line joining (1, 0, 0) and (0, 1, 0), then find a

set of values of a, b, c.
Solution : Given points are A(1, 0, 0) and B(0, 1,0)

and one set of direction ratios are a, a + b,

I
|
|
~
+
| —
=~

1
1
1
1
|
|
|
1
1
1
1
|
|
|
1
1
1
1
|
|
|
1
1
1
1
|
|
|
1
1
1
1
|
|
|
1
1
1
1
1
1
1
1
1
1
1
|
|
|
1
1
1
1
|
|
|
|
1
1
1
|
|
|
|
1
1
1
1
|
|
|
1
1
1
1
|
|
|
1
1
: a+b+ec.
1
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Case (i): 2 2 A A
_ — a2 2
- = — AA 12 AL ]2 _(\/ﬁ) +(\/E) = laf +c]
AB= OB - OA = (OAHAJ +0/k) = (i+0,/+0k) By Pythagoras theorem, the given vectors
=—it] form a right angled triangle.
%

.. Direction ratios of the line AB are (-1, 1, 0)
Given (-1, 1,0) =(a,a+b,a+b+c)
Equating the like components both sides, we get
a =—1,atb=1l,at+tb+c=
a =-1,-1+b=1= b=2
—1+24+¢c =0=> c=-1

na =-1,b=2,c=-1

Case (ii):
- - - A A A AA A
BA=0OA-0OB = (i+0,+0k)—(0i+ j+0k)
= l—]
%

.. Direction ratios of the line BA are (1, -1, 0)
Given (1,-1,0) =(a,a+b,a+b+¢)

Equating the like components both sides, we get

a =1,atb=-1l,at+tb+c=

a=1,1+b=-1= b=-2

1-2+¢c =0= c=1
La =1,b=-2,c=1

7. Show that the Vectors2?—;‘+lAc,3?—4}

A A

i —3 j —5k form a right angled triangle.

Solution : Let the sides of the triangle be
a = 2i—j+k,b=3i-4 -4k,
= i—-3j-5k

a| = 22 +(-1) +12
— Ja+1+1=+6

5] = 3+ (~4) + ()
= J9+16+16 = /41

o] = P +(3) +(-5)
= J1+9+25 = 35

Now |5 > = (\/ﬂ)2= 41=35 + 6

orders@surabooks.com

0

0

A

—4k,

Find the value of A for which the vectors
- A A A d A A A
a=3i+2j+9k and b =i +A j +3k are parallel.

N A A A A A A
Solution : Given a = 3i+2j+9k, b = i+kj+3k

Given ZHZ
Z = (some scalar)z>
- A A A
= a =3i+2j+9%k
= 3(i+—-j+3k
- - 3
a =3(b)
L= it je3k
b 3/\] A A
Comparing this with i+ j+3k we get
2
A ==
3

Show that the following vectors are coplanar

() i—2j+3k —2i+3j—-4k, — j+2k
(i) 20 +3i+k,i—j,Ti+3j+2k. [Hy - 2018]

A A

N A - A A A
Solution : Let a= i—-2j+3k, b = -2i+3j-4k,

Ed A A

c —j+2k

- - -
Let a = sb+tc

A A A A A A A A
i=2j+3k = s(=2i+3j—4k)+ (- j+2k)

A A

i—2j+3k = (-25)i +(3s—1)] +(-4s+20)k

Equating the like components both sides, we

get
-2s =1 .. (D)
35—t = -2 .. (2)
—4s+2t =3 ..(3)
1
From (1), s = — 5
Substituting s = —% in (2) we get,

-1 3
3= |-t =-25-2-1=-2
2 2
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t 2+ 3
L= Py 1 7
2 = 2 = —§+7(—):>2=—§+—
443 -1 2 2 2 2
— l‘ = = —_—
-3+7
22 = 2 = BN BN
t = — 2 2
S

(i)

Substituting s = —

2
300
2 2
= 2+1 =

= 3 =
which satisfies equation (3).

Thus, one vector is a linear combination of

other two vectors.

Hence, the given vectors are co-planar.

N A AA
- - =
b = i—j
hd A A A
¢ = Ti+3j+2k
- - -
Let a = sb+tc

where s and ¢ are scalars

=

=

A A

1
, 1= 5 in (3) we get,

A - - A A A
2i+3j+k = s(i— j)+H7Ti+3j+2k)

2ie3jrk = i(s+T0+) (s+30)+k QD)

Equating the like components both sides, we get

2 = s+7t
3 = —s+3¢
1 = 2¢
Let us solve (2) (3), to get the values of s and ¢.
1
F 3),t = =
rom (3) >

3
Substituting s = — 5 an

1
Substituting ¢ = 5 in (2) we get,

=
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t= 5 in (1) we get,

(D)
Q)
- (3)

The value of s and ¢ satisfy equation (1)
One vector is a linear combination of other two
vectors.
Hence, the given vectors are co-planar.
10. Show that the points whose position vectors

A A A A A A A A
4i +5j+k, —j—k,3i+9j+4k and
—4i +4j+ 4k are coplanar.
Solution :  Let the position vectors of the given vector

be

% A A A

OA = 4i+5j+k

% A A

OB = —j—k

% A A A
OC = 3i+9j+4k and
%

A A A

OD = —4i+4j+4k
- > > =
Let a = AB = OB- OA

=(=j—k)—(4i+5j+k)

= —4i-6j-2k

- > > =

b = AC = OC-0A
= (3i+9j+4k)—(4i+5j+k)
= —i+4j+3kand

- > D> =

¢ = AD = OD-0A
= (—4i+4j+4k)—(4i+5j+k)
= —8i—j+3k

— N — A A A

Also,let a = sb +tc =—4i—6j-2k

A A

=s(—i+4j+3k)+1(-8i—j+3k

—4i—6j-2k = (—s-8)i +(4s—1)j +(Bs+30)k
Equating the like components on both sides, we get

—4 = —5-8t .. (1)
6 = 4s—1 Q)
_2 = 3543 - 03)
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(1) x4= —16 = —45—32t e )
2)= _6 = 4}5/5 ¢ 3a-2b+5c¢] :\/(—15) +27° +13
> = 225+ 729+169 = 1123
Adding, —-22 = —33¢ = = ? == e -15 27 13
2 - 3 Directioncosinesof3a—2b+50is\/1123,\/1123,\/1123
Substituting t = — in (1) we get,
3 2 16 12. The position vectors of the vertices of a triangle
-4 :—S—S(—)ﬁ —4=—5—— A A A A A A A A A
3 3 are i +2j +3k, 3i —4j +5k and —2i +3j —Tk.
R _, lo 12-16 4 Find the perimeter of the triangle.
s 3 3 3 | Solution : Let the vertices of the triangle be A, B, C.
. . 2 4 . % A N N
Substituting ¢ = 3 and s = —3 in (3) we get, Then, given OA = i+2 j+3k,
4 2 — A A A
-2 =,8{—E)+}{E) OB =3i-4j+5k and
% AN A A
= —2=—4+2=-2=-2 OC = —2i+3j-Tk
which satisfies equation (3). - = =
Thus, one vector is the linear combination of AB = OB - OA
A A A A A A A A A
other two vectors. = (3i—4j+5k)—(i+2,j+3k) = 2i—6j+2k
Hence, the given points are co-planar. N
11. 1If “ 2A' 3A° 41/; Z 3A° 4A' 51/; AB] = 22+(_6)2+22
| a=2i+3j—-4k, b=3i-4j - and
S A A a ’ — 413614 = a4
¢c=—-3i+2j+3k, find the magnitude and AN - -
direction cosines of BC = 0OC-OB

- 5 S - - -
@i a+b+c (ii)3a-2b+tS5c
e A A A
Solution : Given a = 2i+3j-4k
d A A A
b =3i-4j-5k and
- A AN A
c =-3i+2j+3k
- — d A N A A N A
(i) a+b+c =(2i+3j-4k)+ (3i—-4j-5k)
+(=3i+2j+3k)
A A A
=2i+j-6k
- -S> - 7 - 2
la+b+c|=42"+1"+(-6)
= J4+1+36 = 41
- -5 >

2 1 -6
Direction cosines of (a+b+c¢)is R R
( ) V41 V41 41

N RN - A A A
(i) 3a-2b+5¢ =3(2i+3,j-4k)-

A

2(3i=4j-5k)+5(-3i+2j+3k)

A

k

)6/1'(+9j—12k—ﬁ/i(+8j+10k—15z'+10j+15

—15i+27 j+13k

orders@surabooks.com

— (=2i+3j-Tk)— (3i-4j+5k)= —5i+7 j—12k

|I?C| = \/(—5)2+72+(—12)2

= J25+49+144

= V218
e
CA = O0A-OC

A A A A A A AN A
=(i+2j+3k)—(-2i+3j-Tk)=3i— j+10k

%
ICA| = 3% +(-1)* +10°

=+9+1+100 = /110

.. Perimeter of AABC,
- - =
|AB|+|BC|+{CA | = (v44 +/218 +110) units
- - -
13. Find the unit vector parallel to 3a —2b +4c,
_)

ifa=3
d A A

c=i+2j—k.

A A AN = A A A
i—j—4kb=-2i+4j-3kand

- T 7
Solution : Given a = 3i—j—4k

- A A A

b = 2i+4;-3k
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N
and ¢ =

- - A

3a —2b +4c=3(3i- j—4k) - 2-2i+4-3k)+

A A A

i+2j-k

A

A(i+2

A A A A AN A A
=9i-3j-12k+4i—-8j +6k+4i+ &) —4k

- - -

3a —2b +4c|

= Vv289+9+100 = 398

-~ Unit vector parallelto 3a —2b +4c¢)is

1

V398

14. The position vectors

points collinear?

Solution : Let the position vector of three points be

17i-3j-10k

Jn%44f+@mf

- - -

(17i-3j-10k)

N
b

- - - -
b

- -5 >
a,b, c.
The given relation is
- - - -
2a -7b +5¢ =0
- - -
= 2a +5¢ =7b
2 - 5 - -
= —a+—-c =b
7 7
- - -
= sa+tc =b
- -

Thus, b is a linear combination of @ and ¢ .

.. The given points are collinear.

15. The position vectors of the points P, Q, R, S are

AN A A AA A A A
i+j+k,2i+5j,3i+2j-3k, and i—6
respectively. Prove that the line PQ and RS are

parallel.

%
Given OP =
%
0Q =
%
OR =

%
and OS =

Solution :

A A A
i+j+k
A

2i+5)
3i+2j-3k

A A

i—6j—k

orders@surabooks.com

A

J=k)

of three points

-

A

Jj—k

A AN

%
PQ

%

. RQ

%

. RQ

16. Find the value or values of m for which

A

- -
0Q —OP

= (2i+5j)-(i+j+k
= i+4j-k
- —
= OS-OR
= (i—6j—k)y-(3i+2j-3k)

= 2i-8j+2k

A A A %
— _2(i+4j—k)=-2PQ
%
= APQ where A=-2
%
| PQ

m (i + j+k) is a unit vector.

Solution :

-

Let a

-

|a|

-

A A A

= m(i+ j+k)

mNE+12 412 =3

-

To make a as a unit vector, | a | = +1

m[ =t+t]l=>m==%

N

17. Show that the points A (1, 1, 1), B(1, 2, 3) and
C(2,-1, 1) are vertices of an isosceles triangle.

Solution : Let the position vector of the points A, B, C

be

%
OA

-
OB

-
ocC

-
AB

|AB|

A A

i+j+k

i+2j+3k

AN A A

2i—j+k

- -
OB-0A

AN A

=(i+2j+3k)—(i+j+k

Jj+2k

V12422 =5
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- - > Solution : N .
BC = OC-OB (i) Given a =2i+)Aj+k
e A A A
= (2i—j+k)—(i+2j+3k and b_)=_>i—2j+3k
ALA A Since the vectors are perpendicular, a.b =0
= l-3]-2k A AN A A A
RN . : = (2i+Nj+k).(i-2j+3k) =0
- |BC| = \/12+(—3) +(-2)
= 2(1) + AM(=2)+1(3) =0
= J1+9+4 = 14
- - - = 2-2A+3 =0
CA=OoA-0C - 5-20 =0 =2L=5
= (i+j+k)—(2i-j+k = k=5
A A 2
=—i+2j - A A A — A A A
RN 5 (ii)Given a = 2i+4 j—k and b= 3_)1'—_)2j+7uk
f 2
- |CA| = (_1) +2% =5 Since the vectors are perpendicular, a.b =0
- - > S ey
Since |AB| = |CA|, the given points form an isosceles = (2i+4j=k). (3i=2j+Ak) =0
triangle. = 23)+4(-2)-1(n) =0
= 6-8-A =0
EXERCISE 8.3 = 2o
= A ==2
. - - N N
1. Find a . b when 3. If a and b are two vectors such that
e A A A — A A A
. . . o . - = - —
()a=7i-2j+kand b=3i-4j-2k la| =10,/ =15 and a.b =752, find the angle

- A AA - A A A
(i) a=2i+2j—-kand b=6i-3j+2k

Solution :

e d A A A
(1) Given a = i-2j+k
— A A A
b = 3i-4j-2k
NN A AA A A A
a.b = (i-2j+k). (3i-4j-2k)
= 13)-2(-4)+1(-2)=3+8-2=9
- -
a.b =9
<3 A A A
(i1) Given a = 2i+2j—k
— A A A
b = 6i-3j+2k
- - A AA A A N
a.b = (2i+2j_k).(6i—3j+2k)
=12-6-2=12-8=4
- -
2. Find the value A for which the vectors @ and b

are perpendicular, where
- A AN - A A A
() a=2i+Aj+kand p=i-2j+3k
- A A AN - A AN A
(i) a =2i+4j—kand b=3i-2j+\k.

orders@surabooks.com

- -
between a and b.

- - - -
Solution : Given|a|=10,|b|=15and a.b =752

5
Let 6 be the angle between the vectors a and
5
b. - - 5
LIRS R
ncosB = S| = =—=—
a b‘ )/26% 2 2
T
= cos —.
="
4
4. TFind the angle between the vectors
(i) 2i +3j—6kand 6i -3j+2k
(i) i-jandj—k.
Solution :

— A A A — A A A
(i) Let a=2i+3/—6k andb= 6i—3j+2k

Let 6 be the angle between the given vectors.
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- = A A A A A A
a.b = (2i+3)j-6k).(6i-3j+2k)
= 12’_9_)/2:_
- 2 22 2
la| = /27 +3°+(-6)
= J4+9+36 = V49 =7
5
and | b| = 6> +(=3)" +2?
= 36+9+4 =49 =7
- >
6 ab -9 -9
. COS = > = = = —
7(7) 49
a5 10)
-9
0 = —1| _—
= COS (49)
d A A e A A
(ii) Let a = i—jandb= j—k
oA A A
a.b = (i=j).(j=k)
= 100)- 1(1)+0(-1)=—1
%
la] = JP+(-1)7 =VI+1 =42
%
b = JP+(-1) =141 =2

Let 0 be the angle between the vectors @ and b

- -

)
s.cosB = _)a =
lal-]b]
- p— 0 (n)
cos —— = cos cos| —
242 2 3
- o - cos(n-5) oo (5)
cos® = cos |T——|[=cos | —
3 3
27
= 0= —
3
i
5. If a,b,c are three vectors such that
-
a+2b+c=0 and |a| 3, |b|— lel=7, find
the angle between a and b [March - 2019]
- o o -
Solution : Given a+2b+c = 0
- -
and|a| = 3, |b|=4
-
and|c| = 7
- -

Let 6 be the angle between a and b .

orders@surabooks.com

L

|

Solution :

-

S
a+2b

- -
la+2b)?

- - -
la? +4/bP+4(a.

-

9 +4(16) + 4( a

5
9+64+4(a.

-

73+4(a.

N

4(a.

b)

b)

SRS AN N

)

- o
4]a||b|cos®
4(3)(4) cos 6

cos 6

-1

cos 0= —

2

cos 0 = cos (R—E)
3

0

—c
el
|c P
49

49

Show that the vectors a —21 +3J +6k
b 6l+2] 3k andc—3t—6]+2k are

mutually orthogonal.

d A A A
Given a = 2i+3j+6k
Ed A
b = 61+2] 3k
_)
c = 31—6]+2k
- = A A A
a.b = (2i+3j+6k).(6i+2j—3k)
= 2(6)+3(2) + 6(-3)
= 12+6-18=0
- — A AN AN A A A
b.c = (6i+2j-3k)(3i-6j+2k)
= 6(3) +2(-6)-3(12)
= 18-12-6=0
- — A A A A A A
c.a = (3i=6j+2k).(2i+3j+6k)
= 3(2)-6(3) +2(6)
= 6-18+12=0
- - - - - -
Since a.b = b.c =

vectors are mutually orthogonal.

c.a = 0 the given
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7. Show that the vectors —i —2j—6k,2i —j+k

A A A
and —i +3j + 5k,form a right angled triangle.

Solution :
N

Given a =

N

and ¢

N

|a|

A

Let the given vectors are

A A A — A A A
—i-2j-6k, b=2i-j+k

—i+3j+5k

JE1 + (<2 + (o)

= J1+4+36 = 41

5
|b] =

224 (-1)*+12

_ JaTisl =6

5
and|c| = ./(—1)2+32+52 = J1+9+25

‘a‘z_

(\/ﬂ) —41=35+6

- (V3s) + (Vo) = b e

Hence, by Pythagoras theorem, the given

vectors form a right angled triangle.

- -
8. If lal=5, 1l
e e e T
ab+b-c+tc-a-

N
=6,|c|=

- 5 5 o

7 and a+ b+ c =0, find

=
5,|b|=6,

- 5 5 o

|c|=7and a+b+c =0

5
Solution :  Given|a| =
5
- o 5
latb+c| =
R T e
(a.b+b.c+c.a)
= —110
. —-110
2
e T e S
=a.b+b.c+c.a

9. Show that the points (2, — 1, 3), (4, 3, 1) and

|a|2+|b|2+|c|2+2
- - -

= 25+36+t49+2

%
= 0

R T e Y

= 2a.b+b.c+c.a)

- - - - - -
= a.b+b.c+c.a
= —55

3, 1, 2) are collinear.

Solution :

Let the given points be A(2,

and C(3, 1, 2).

%
Then OA

-
OB
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A

=2i-j+3k,

=4i+3j+k and

- -

(a.b)+2(b,c)+2(c,a)

_11 3)9 B(4a 35 1)

% N A A
OC =3i+j+2k
e
Now, AB = OB—0OA

= (4i+3j+k)—(2i— j+3k)

=2i+4j-2k

- = =

BC = 0OC - OB
=(3i+j+2k)—(4i+3j+k)
=—i-2j+k

- = —

CA =OA OC
=(21—]+3k) (3l+]+2k)
= —1—2 +k

N J

Now, AB =2i+4j—2k
A A A %
=-2(—-i=-2j+k)=-2BC
oy X Jtk)

Thus AB||BC and B is a common points.

Hence, the given points are collinear.

- -

10. If a,b are unit vectors and 0 is the angle between

Solution :

(1)

them, show that

(i) sm—= ‘ “Hb

(ii) cos
(iii)

Let a and b be the unit vectors and 0 is the

5
angle between a and b

- > - -
|a|2+\b|2 2(a. b)

[-Ial—l,lbl—l]
- -

Consider |a—b > =

= 1+1-2|alb]
cos® = 2—-2cosB
= 2(1 —cos 6)
0 0
= 22sin’= =4sin’ =
sin > sin >
- -
-b| = 2sin—-
|a | sm2
. Lo
s1n5 = 5|a— |
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= a-b+b-c+c-a =0 (D)
T
Cons1der|a+b+c|2—|0z|2+|b|2+|c|2
e T T T T

20a-b+b-c+c-a)
=9+16+25+2(0) =50 [From (1)]

- - -
14. Three vectors a@,b and c¢ are such that
- - - - 5 5 >
lal=2,16/=3,c|=4,and a+ b+ c=0 .
B T - =

Find 4a-b+3b-c+3c-a .

- 5 -
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- - - - - - : A A A
(i) Consider |a+b > = |aP+b|?+2(a.b) i 12. Find the projection of the vector i +3j+ 7k on
- S ! A A A
= 1+1+2/alb]| : the vector 2i +6j + 3k . [Hy - 2018]
| b A A A i A A A
cos® = 2+2cosB | Solution : Leta = i+3j+7kandb 2i+6j+3k
- - - - A
[olal=1;1b]=1], a-b =(it347k)- (2i+643k)
0
= 2(1+cos9)=2.2 00525 ! =1(2) +3(6) + 7(3)
— 4 cog?? ! =2+18+21=41
= = , R
2 ! b =N22+6%+3% = J4+36+9
- - 0
“la+b| = 2 cos> : =49 =7
1
0 B - - I 5 N —>.Z 41
i cosy = 5|a+b| : Now, projection of @ on b = aT =—
|- o | VI
sin— —|a—b]| :
(iii) tanE = 2 _ % —— ! 13. Fmd?» whentheprolectlonofa —7»1 +] +4k on
cos, 5|“+b| ! b= 21+61+3k1s4umts
. .. 1 4 A
N [From (i) and (i1)] ! Solution :  Given a = 7\,i+ j+ 4k and
la—b| ! Y YN Al
tanE = ——— Hence, proved. ! b =2i+6j+3k
5
I |a+ 51 L 5] = N2 +67+3
b
11. Let a,b, ¢ be three vectors such that |a| : m _ \/— 7
|b| 4, |c| Sand each one of them being | -
perpendicular to the sum of the other two, find ! a-o = (7”+]+4k) (2’+6J+3k)
|
4t bt ol ! =2L+6+12=21+18
S | - .
Solution : leen|a|—3 |b|—4 \c| _s. ! Also projection of @ on b = 4 units
- -
— 1 - e .
Also a - (b+c) 0 1 We know that, projection of @ on b is a__}b
- - - !
b (c+a)=0 ! _on+18 1B
at8) = ' .
| andc (a+b) = ! 28 = 2%+ 18
Since they are perpendicular ! 2818 = 2
- =5 -5 - - = - - - = 5 - |
=a-b+a-c=0,b-c+b-a=0andc-a+c-b=0 , 10 =2A
Adding all the above we get, : 2\ = 10 =5
- 2 -5 5 - - ! 2
20a-b+b-c+c-a) =0 :
R T T . A=5
1
1
1
|
|
|
|
I
1
5
|a+b+c|—\/_ J25x2=5V2 \ Solution : Given|a|=2,|b|=3,|c|=4and
: e - N -
|

a+tb+c =0 = a+b=-c
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- - - : 42
la+ bP =|cP \ 12-63-33  12-96 -84 "
- > > - L 2 ) -7
= |a|2+|b|2+2(a by =|cP | RN 5 RN
- L da- b+3b c+3c-a=-42
= 4+9+2(a b) =16 I
NN ! EXERCISE 8.4
= 13+2(a b) =16 1 [N - AA
N . 1. Find the magnltude of axb if a=2i+j +3k
. = _ |
= Aa-b) =16-13=3 : and b =37 +5]— 2k,
- = o 3 : e A N A
= a-b = 5 ! Solution : Given a = 2i+ j+3k,
- - 2 3 ! - A n A
N 4(a-b) =4x > =6 (1) b =3i+5j-2k
Z | 2 i
- - - I - -
Also, b+c =-a ! axb =12 1 3
- —>2 —>2 : 3 5 22
[btcl =|-al ! Expanding along R we get,
- - - - - !
bR+ |cP+2(b-c) =|af : =l(2 15)— ](—4 9)+k(10 3)
| - >
- xb =—17 +13 +7k
9+16+2(b-c) = : 4o ! . j
N : laxb| = \/(—17) +13% +72
25+2(b-c) =4 ! — J289+169+49 = /507
- -
2b-c) =4-25=-21 | 5 5 5 5 5 5 o5 o
N 1 2. Show that ax(b+c¢)+b x(c+a)+cx(a+b)=0.
(bc) :__21 : - - - 5 o - = -
2 1 Solution : LHS—aX(b+c)+ bx(c+a)+ cx(a+b)
1
> - -21 -63 : (By associative property)
3(b'c) :3(7) T O () I TG
'"=axb+axc+bxc+bxa+cxa+cxb
- - - !
Also, c+a =-b : - - - -
N — . ["b><d=—a><b
|ctal :|_b| ! - - - -
SN W : cxa=—axc
- - - -
‘c+a|2 :|_b|2 : cxb=-bxc]
—>2 —>2 - - —>2 .
|c|+|a|+2(c-a) :|b| : e e T T T S e T T T T
16 + 4+2(?.Z) -9 : =axbt+axc+bxc—axb-—axc—-bxc=0=RHS
- -
204+2c-a) = : Hence proved.
N 1 3. Find the vectors of magnitude 10+/3 that are
= 2(c-a) =9-20=-11 : perpendicular to the plane which contains
- - —11 1 A AA A A A
(c-a) =7 ! i+2j+kandi+3j+4k
b A A A b A A A
- - 11} =33 | Solution :  Let a = i+2j+kand b=i+3j+4k
L3(cra) =3 — = — W (3)
2 : A unit vector which is perpendicular to the
Adding (1), (2) and (3) we get, - -
g (1), (2) and (3) we g : I
- - N N 63 33 I vector @ and b is =
. . . = L —— |
4a-b+3b-c +3c-a =6 ) | |a><b|
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A A

iJ

= >

bd b 1 2 A A A
axb= =i(8-3)—j(A-1)+k(3-2)

1 3

—

A A

Yosi3j+k
- >
laxb|= 52 +(=3)+1> = 25+9+1 = /35
5

. A unit vector which is perpendicular to the vector a

g 5A'—3A'+12
andbis %

Hence, a vector of magnitude 10 NE) ,whichisperpendicular

i d 0 3 A A A
to the vectors a and b is * \/_(Si—3j+k)
V35
4. Find the unit vectors perpendicular to each of the
- - - - - AA A
vectors a+b and a—b ,wherea = i +j + kand
d A A A
b=i+2j+3k - [March - 2019]
- A A A d A A A
Solution : Givena=i+j+k and b = i+2j+3k
4 d A A A
wa+b =2i+3j+4k
- - A A
a-b =—-j-2k

- -

A unit vector which is perpendicular to (a+b) and

- =
(a-b)is

PGk

2 3 4 =?(—6+4)—?(—4+0)+/§(—2+0)
0 -1 2| —2j+4j-2k

Its magnitude is \/(—2)2 +42 4+ (—2)2 =v4+16+4 = \/ﬁ

= J4x6 =26

- -
.. The unit vector which is perpendicular to (@ + b ) and

- -

(a—Byis L(2i+4)-2k) L Eit2j-k)

2J6 NG

5. Find the area of the parallelogram whose two
adjacent sides are determined by the vectors

A AN A A AN A
i+2j+3kand 3i-2j+k,
Solution :  Let the adjacent sides of the parallelogram

A A A

- A A - A
are a= i+2j+3kandb=3i-2j+k

orders@surabooks.com
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ik
el d A A A
axb=1 2 3/ =i(2+6)-j(1-9)+k(-2-6)
32 1| - shes)osk - 8+ b
|ZXZ|= gy 12 +12+(-1) =83

.. Area of the parallelogram = 8 NG) sq. units.

6. Find the area of the triangle whose vertices are
AG3,-1,2),B(1,-1,—3)and C(4,- 3, 1).

Solution : Given that the vertices of the AABC as
A(3,-1,2),B(1,-1,-3)and C(4,-3, 1)
% % % A A A A A A
AB = OB-0OA= (i—j-3k)-3i-j+2k)
= 2i-5k
% % % A A A A A A
AC = OC-0OA= (4i-3j+k)—(Bi-j+2k)
= i-2j-k
i j ok
- —
ABxAC = |-2 0 -5
1 2 -1
= i(0-10)—j(2+5)+k(4)
= —-10i-7j+4k
— — 5 3
|ABxAC| = \/(—10) +(=7)" +4?

V100+49+16 = /165

1
Hence the required area of AABC = Ex/165 $q. units.

- - >
7. 1If a,b, ¢ arepositionvectorsoftheverticesA,B,C

ofatriangle ABC, show that the area of the triangle
ABC is . Also deduce the

- - -5 -5 5 >
Eaxb+b><c+c><a

condition for collinearity of the points A, B, and C.

Solution :  Given that the position vector of the vertices
- - -
of the AABCis a, b and c.
- > = - - -
~0OA = a, OB=5band OC=c¢
— - = S S
AB = OB-OA =b - a

PH: 9600175757 / 8124201000 / 8124301000



This is only for Sample Materials
for Full Book order online and available at all Leading Bookstores

280 Sura’s m X[ Std - Mathematics m» Volume - Il s Chapter 08 mmw Vector Algebra-I
- - = 5 > - A 2
AC = OC-OA =c—a laxk| = y(-a) +a} = Jai +a]
- — " - - - Az _ 42 2
~ ABxAC = (b-a)x(c—a) laxk[? = af +a - (3)
SR T
> 2> 2> =2 =2 = = =2 - Adding(1),(2)and (3 t,|axi["+|axjl"+|axk
L 2L 2 2 2 = 2 Adding (1), ()and () weget, [ a % Pt |ax jP | a <k
N _ 2 2 2 2 2 2
— hxctaxbicexa+ 0 = ay+a; +aj +ay + aj +a;
e e T e - = _ 2 2 2
[-axa=0,bxa=-(axb),axc=—(cxa)] —2(a1+a2+a3)
o e 3 3 22 -
= axb+bxc+cxa =2(\/a1+a2+a3)=2|a|2
- — R T TS
|[ABxAC| = |axb+bxc+cxal Hence proved.
1> - > - > = 9 L_);%b . hth —>3_—>—>_
- Area of AABC = —|aXb+b><c+c><a| . eta,b, ¢ be unit vectors suchthata.b=a.c =0
2 - —). T
Condition for the points A, B, C to be collinear is area of and the angle between b and c is = 3" Prove that
AABC =0 PO TPV
a=t—(bxc).
e e e T \/5 N N

:>E|a><b+bxc+cxa|=0

e e e
=|a x b+ b x ¢+ ¢ x a|=0whichisthe required condition.

- - /\2+—)
8. For any vector a prove that |a X i a X
d /\2_2%2
laxk| —“la]| -
e A A
Solution : Let the components of a = a,i+a, j+azk
— A A A A A
A N A A
= ay(JXxi)+ay(kxi)
N A A
= ay(~k)tayJj)=ayj-a,
BETA 2 2 [2. 2
laxi| = \a3+(-a,)" = a3 +a;
- N
LlaxiP = g+a;
- A A A A A
axj = (aqita,jtask)xj
A A A A
= a, (ixj)+a)(kxj)
AN A
=ak-a;i
- A
. 2 2 2, 2
laxj| = \ai +(-a;)" = \ai +a3
- A
slaxjP o= al+a
- A A A A A

a, (ixk)+ a(jxk

—apjtayt
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2
A

j +

A

k

(D)

-2

|
|
|
|
1
1
1
|
|
|
|
1
1
1
|
|
|
|
1
1
1
|
|
|
|
1
1
1
|
|
|
|
1
1
1
|
|
|
1
1
1
A
|
1
|
|
1
1
1
|
|
|
|
1
1
1
1
|
|
|
1
1
1
1
|
|
|
|
1
1
1
|
|
|
|
1
1
1
|
|
|
|
|

Solution : Given a ,b and c are unit vectors.
- - -

= lal=1b] =[c|=1
- > - > -
a.b = a.c =0,and angle between b and
A
c s —
is 3
- - - - — - -
a.b= a.c=0= qgis 1" toboth bandc.
- - > - - >
ais 1" to bxc = a =\ (b xc) for some scalar A.
- - -
...|a|2:7\’2|b><c|2
- - - -
= L= RM[bP[cP-(b.c)]
- - - - - - >
[-la|=Tand|axbP=[af|bP~(a.b)]
- o T
= 1= 7\,2[(1)(1)—|b|2|c|20052§]
- -
[ angle between b and ¢ is — ]
T - - 3
= L= R[1-cos® 21 []b|=|c|=1]
1 3
= 1= A[1- —]:>1=l2(—)
) 4 , 4
= M= - =A=t—F+
3 V3
2
Substituting A = *— in (1) we get,
g NE) (1) weg
- +2 Z -
a = t—=(bxc
\/5( )
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10. Find the angle between the vectors 2i+ j—k and
A A A
i+2 j+k using vector product.
-

N A A el N A A
Solution : Let a= 2i+ j—k and b_)= i+_2)j+k

Let 6 be the angle between the vectors @ and b

A
I i j k
axb =112 1 -1
12 1
A A A
= i(1+2)-j(2+1)+k(4-1)
= 3i=-3j+3k =3(i—j+k)
- -
laxb|=32+12+(-1) =33
-
la|= 22 +12+(-1) = V6
5
b= VI2+22+1% =6
- -
laxb| 33 BB 3
= = =" 7 =—— =sin
lallb| Voo
o= "
3

EXERCISE 8.5

CHOOSE THE CORRECT OR THE
MOST SUITABLE ANSWER FROM
THE GIVEN FOUR ALTERNATIVES.

e A 4
1. The value of AB + BC + DA + CD is

— — >

() AD  (2) CA (3) 0
e o e
Hint : AB+BC+DA+CD = AB + BC +
i e
CD + DA = AA= 0

%
(4) —AD

[Ans : (3)—0>]

- -

- -
2. If a+2b and 3a+mb are parallel, then the
value of m is

1 1
M3 @5 6 @
- - - -
Hint : at+2b = 3(a+2b)
- = - =
= 3ag+6bh =3a+mb
m =6 [Ans: (3) 6]

orders@surabooks.com

3. The unit vector parallel to the resultant of the

AAA - - -
vectors i+j—k andi—2 j+ k is [March -2019]
i—jtk 2itj
1 2
(1 NG (2) NG
A A A A A
2i— j+k 2i—j
3) —— 4
3) NG 4) NG
Hint : Resultant vector of i+ j—k and i—2j+k is
A A
2i—j
Its magnitude is /2> +(—1)2 = Va+r1 =5
L 2i- 2i—j
.. Required unit vector = ——== [Ans: (4) 1
N J5

%
4. A vector OP makes 60° and 45° with the positive

direction of the x and y axes respectively. Then the

angle between OP and the z-axis is
(1) 45° 2) 60° (3) 90°
Hint : Given o= 60°, p = 45°
cos®> o+ cos? B+ cos’y = 1
cos? 60 + cos? 45 + cos’y = 1

2 2
= (l) + (LJ +cos’y =1
2) 2 v

4) 30°

11 , 3,
= —+ - +cosy =1=>— +cos"y=1
4 2 4
= cos?y = 1— 3
v 4
= l — l 2_ 60 2
7 2 (cos 60)
= cos Y = cos 60
sy o= 60° [Ans: (2) 60°]
- A AA
5. If BA= 3i+2j+k and the position vector of B is

i+3 j—k then the position vector A is
A A A A A
(D) 4i+2j+k (2) 4i+5j

(3) 4i 4 -4i
Hint : BA = 3?+29’+1Ac
% % A A A
OA -OB = 3i+2j+k
% A A A A N A
OA = 3i+2j+/z+i+3j—/z/=4i+5j

[Ans: (2) 4i+57]
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6. A vector makes equal angle with the positive D C
direction of the coordinate axes. Then each angle
is equal to g
(1) cos” (1) (2) cos’ (3) T
3 3 3
cos” | = cos’ | =
3 V3 A = B
Hint : Giveno. = B=7 “
2 ) 2. —> - — L &
cos” oL+ cos ocﬂ;coszoc_ i L1 Hint : nABCD, BD =BC+CD =b-a _
= cos” O = = cos” o= [Ans: 2) b —a |
= cos o = L - =
NE) 1 10. If a,b are the position vectors A and B, then
= o = cos’! (TJ which one of the following points whose position
[Ans: (3) 3 ! ( 1 )] vector lies on AB, is — —{March -2019]
ns: (3) cos™ | = - - 2a-b
3 (1) a+b 2 ==
e i e T ,, - N 2_)
7. Thevectors a—b,b—c,c—a are da+b a—b
(1) parallel to each other 3) 3 4) T3
(2) unit vectors X a P b
(3) mutually perpendicular vectors Hint : Al T 5 B

(4) coplanar vectors. [Ans: (4) coplanar vectors] N | (Z) 49 (—’) N 2—’+Z
a a

- = OP = ———— = OP =
8. If ABCD is a parallelogram, then AB + AD + 1+2 35 5
- = 2a+b
- - - - -
(1) 2(AB+ AD) (2) 4AC 11. If a,b,c are the position vectors of three
— - collinear points, then which of the following is
(3) 4BD D 4 0 P true?
- 5 o - - -
(D a=b+c (2) 2a=b+c
- 5 5 o
3 b=c+a @ da+b+c=0
A B Hint : Since the points are collinear.
e e e s G G a b <
Hint : AB+ AD + CB+ CD=AB + AD - AD - AB=0 = ® |
- A ! B 2 C
[Ans: (4) 0 | - i A
AB = CA= OB-0A = OA-0C
9. One of the diagonals of parallelogram ABCD with -
- - - - - - -
e — - - _ _ _ _
aand b as adjacent sides is a+ b . The other = L __2>a I
diagonal B?) is [Ans: 2) 2a = b +c]
- - - -
(1) a-»> 2) b-a
- o
- a+b
(3) a+b 4) 2

1
1
1
1
|
|
|
1
1
1
1
|
|
|
1
1
1
1
|
|
|
1
1
1
1
|
|
|
1
1
1
1
|
|
|
1
1
1
:
1
CB + CD s equal to | [Ans: (3) 3 |
:
1
|
|
|
1
1
1
1
|
|
|
|
1
1
1
|
|
|
|
1
1
1
1
|
|
|
1
1
1
1
|
|
|
1
1
1
1
1
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> 9a+7b . y (3746 7498) (51477 ) = 0C: 23— j+9h= 00
12. If r= then the point P whose position ’ A A A
[Ans: (1) —2i—-j+9k]|
vector 7 divides_) the lin_e) joining the points with |, 15. If ; +Z =60, a—bl= =40 and‘Z‘ =46, then ‘;‘ is
position vectors @ and b in the ratio. (1) 42 2 12 (3) 22 (4) 32
(1) 7:9 internally (2) 9:7 internally Hint : We know |;+Z|2 +|;_Z|2: 2[|;|2 +|Z|2]

(3) 9:7 externally (4) 7:9 externally

r b
Hint : - 'S |
A 7 9 C
- >
Given ;) at7h [Ans: (1) 7 : 9 internally]
v = : :
9+7 y
13. IfAi+2Aj+2Akis a unit vector, then the value
of A is
Hr O+ 6 @
3 4 9 2
Hint : [Ni+ 2N j+20k| = 1
VAP (20 = 1
= VAT +402 4402 = 1=V =1
1
= 3V = 1=>A==
3 1
Ans: (1) —
[Ans: (1) 3]

14. Two vertices of a triangle have position vectors

3i+4j—4k and 2i+3j+4k. If the position

A
vector of the centroid is i+2j+3k, then the
position vector of the third vertex is

(1) —2i-j+9%k (2) —2i-j-6k
(3) 2i—j+6k (4) —2i+j+6k

% A A A
Hint : OA =3i+4;-4k
% A A A
OB =2i+3j+4k
% A A A
OG =i+2j+3k
- = =
—  OA+0OB+0C
oG ~— 3
— - = =
= 30G = OA+0B+0C

A A A A A A A —
=3(i+2j+3k)= (3i+4j—;4/k()+(2i+3j+;4/k()+ ocC
A A A A A %

3i+6j+9k = (5i+7j)+ OC

orders@surabooks.com

N
602 +40% =2(| a |*+ 46%)
-
3600 + 1600 = 2(|a |* + 2116)

5200 <
—— =|af+2116
2 -
2600 - 2116 =|al?
5
484 =|a
-
|a| = 484 =22 [Ans: (3) 22]

- -
16. If a and b having same magnitude and angle

between them is 60° and their scalar product is

% then m is

(1) 2 @ 3 7 1
- - - - 1
Hint : la| =1b[,0=60° a.b = 3
- - - -
a.b =|a|b|cos6
1 - -
5 =|a|la|cos 60 = g_an
B
= |a|2:1:>|a|—1 [Ans: (4) 1]

17. The value of 6 € (0,;) for which the vectors

- A A e A A A
a =(sin0) i+ (cosO) j and b = i—~/3 j+2k are
perpendicular, is equal to

T oL B
Hm3 @F L @7
Hint: alb = a-b=0

[sin@ i+ (cos8) j]-[i—3 j+2k] =0

sin® (1)=+3cos8+2(0) = 0

= sin@ = J3cos0

= 222 = \T/§:>tan9=\7/t§
= 6 = E[Ans: (1)3]
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- -

Hint : |a+b|2—|a|2+|b|2+2a b= 22+422+2allb|

terminal points of the vector i+ 5 j—7k , then the
value of A is equal to

mI @ - -2 @
3 3 3 3
% A A A % A A A
Hint : Given OA=i+2 j+4kand OB=2i-3\ j—3k
% A A A
and AB= i+5j-7k
> 5 -

But AB = OB- OA .

A

i+5j-Tk =(2i-3\j-3k)—(i+2j+4k)

A

A A
i+5j-T7k

i+(=30—2) j—Tk

Equating the like components both sides, we get

=-31-2 =7=-3A
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‘%‘ - = : 1 3
18. If |a|= =5and a. b—60then\axb|ls ! 4+2(Z) 7 442 /({/_
[Hy- 2018] | = 3
(1) 15 (2) 35 (3) 45 (4) 25 : 3 4\/5\/5 4f 2
i : = —F==—=>0=30°
Hint: [axbpP+(a.b) = [[af|bF) | 232 (Ans: (1) 30°]
|axb|2+602=[132.52] \ A A
. Si- 3k
|a><b|2+3600 — 169(25) ! 21. 1If thAe projection of Si-— j- on the AVector
|Z><Z|2 42953600 = 625 : i+3j+7»k is same as the projection of i+3j+7»k
! A A A
| 0 . .
- - , on Si— j—3k then A is equal to
|axb| = +625=25 [Ans: (4) 25] ! (1) +4 2) £3 (3) £5 4) I
- -
19. Vectors @ and b are inclined at an angle 6 =120°. | DA A AT A A A S A A A
5 N . Hint : Leta=5i— j-3k, b=i+3j+Ak c=i+3j+Nk,
If |a|=1, b—2 then a+3b><3a b ! - AA A
I al =118 (a+35)(@a=b)1" is | s
I - o - -
(1) 225 (2) 275 (3) 325 (4) 300 1 Given projection of a on b = projection of ¢ ond
. . : - > - -
Hint : : ab c-d
AU e s s e S A AP = — T TS
[(a+3b)><(3a b)] [ax3a—axb+9bxa—3bXb]" 1 |b] |d |
e e T S !
=[0- axb 9ax h- 0] [[-.-a><a=b><b=0] ! N 51)-1(3)-3(A) 5-3-3)
— [-10ax b] =100|a><b|2=100. [alP|b]?sin?6] V1232422 \/52+(—1)2+(—3)2
1
= 100[(1)? (2)? sin? 120] =100 x 4 x [sin (180 - 60)]? ! 2-3A 2-3A
2 I = =
3 100 ! 10402 V254149
=400 [sin 60]* = 400 x [iJ 400 x = =300 | \/ 0+
/( : NI0+A? =435
[Ans: (4) 300] ! [Equating the denominator]
- -
20. If a and b are two vectors of magnitude 2 and : Squaring, 10 + A? =35 =A>=25
inclined at an angle 60°, then the angle between :
N N L = A =x5 [Ans: (3) £ 5]
a and a+ b is | 22. If (1, 2, 4) and (2, — 3}, — 3) are the initial and
(1) 30° (2) 60° (3) 45° (4) 90° : NN
|
I
1
cos O =4+4+2(2)(2) (cos 60) !
4
1 1
—8+X(Z)—8+4—12 .
_Q |
la+bP =12 =243 '
— - = :
Let o be the angle between a and a+b I
- 5 -5 e :
a(a+b) aatab i
LCOSO T S TS S S I
|alla+b| |ala+b] :
=, D , T 1
_|lal"+a-b 2°+|al| b|cosB !
- 5 -
alars)  22B) |
|
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=7 -7
= A= [Ans: (2)7\,=_] - A A A - -
3 3 Hint : Given a=i+2j+2k, |b|=5 angle between a
23. If the points whose position vectors >
A A A A A A and b is —.
10i+3j,12i—-5j and ai+11j are collinear 6
then a is equal to — 12422422 = J9 =3
(1) 6 2 3 @5 “4) 8 :
N N N Area of the triangle formed by a and b
NN NN N - > - >
Hint : OA = 10i4+3;;0B= 121—5jandOC—az+11] :_|a><b|:_|a||b|sine
- > > 2 2
AB = OB - OA

=(12i=5)—(10i+3j)=2i-8}
% A A
BC = (a-12)i+16;

% AN A
CA = (10-a)i-8;
% % A AN AN A
AB =CA = 2i-8; = (10—a)i-8j
= 2 =10-a [Equating i components]
= a=10-2=8 [Ans: (4) 8]
A N A A AN A A
24. Ifa—t+j+k b= 21+x]+k,c—t—]+4k
- 5 -
and a-(bx c)=70, then x is equal to
(1) 5 2) 7 (3) 26 4 10
- A A A - 4 AN
Hint : a=i+j+k, b—21+x]+k c = l—j+4k
A A A
i j ok
- -
bxc =12 x 1
1 -1 4
(4x+1)—j(8—1)+k(—2—x)
= i(4x+1)+j(-7)+k(-2-x)
- 5 >

Givena .(bxc) =70
= 1(dx+ 1)+ 1(-7) + 1(-2 —x) =70

= 4x+1-7-2-x =70
= 3x-8 =70
= 3x =78

26
=

Z

x = 2 26[Ans: (3) 26]

- A A AT -
25. If a =i+2j+2k,| b|=5 and the angle between a

PO

d bis —
and bis —
by these two vectors as two sides, is
mi oS e @
4 4 4 4

orders@surabooks.com

, then the area of the triangle formed

l[3(5)sin£]:1[15><1]:1—5
2 6] 21 2] 4

15
[Ans: (2) T]

ADDITIONAL PROBLEMS
SECTION - A (1 MARK)

1. Ifm (Z+ 7+ ;) is a unit vector then the value of m
lS [Hy 201 8]
)t @ () 1 @ £

3 5 e 2
R - -5 -
Hint (2+ J+ k)is a unit vector
- -5 -5
m(2+ J+ k) =1
- 5 >
Iml| 2+ Jtkl =1
Iml\22 +1% +(<1)?
ml\6 =1
_ L
ml =72
1
ml = *— [Ans:(3) =
o |m] S f

2. If g, b are the position vectors of A and B, then
which one of the following points whose position
vector lies on AB? [March - 2019]

2a+ b a-b
(1 )
3
S 2a—b
(3) a+b 4) >
% A A
Hint : OA = 2i+5)
% AN N AN
OB = 5i+7j+4k
— — — A A
AB = OB- OA—51+2]+4k

[Ans: (3)-5 i+2j+ 4k
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The vector having initial and terminal points as
(2,5, 0) and (-3, 7, 4) respectively is

5i+2 -4k

(1) —i+12j+4k (2)
(3) —5i+2j+4k 4) i+ j+k
% A A
Hint : OA = 2i+5)
% A A A
OB = 5i+7j+4k
— —> — A A A
AB = OB- OA =5i+2j+4k
[Ans: (3)-5i+2j+4k]
- - - -
4. The value of A when the vectors a =2i+A j+k
- - - -
and b =i+2j+3k are orthogonal is
3 5
(1) 0 @ 1 @G 3 “4) 5
- >
Hint : ab =21)+M2)+(1)3=0
= 2+2A+3 =0
-5 5
A= — Ans: (4)——
5 [ 4) 2]
5. The value of m for which the vectors 3?—6;’+ ]/;
and 2i—4 j+ Ak are parallel is
2 3 5 2
) - 2) = 3) = 4) —
m3 @5 05 @
A AA 3/ A N N
Hint : 3i—-6j+k = 5( i—4j+7»k)
A A }\‘/\
= 3i-6j+—k
Z 2
3\ 2 2
y QU 1= A= 3 [Ans: (1) 3]
6. Match List - T with List IT
List I List II
I i.i (@ O
. g ®d) %
i, 7 © 1
v.  ixj @ 0

orders@surabooks.com

The Correct match is

(1)
2)
)
(4)

@ (@) @) (1)
b c d a
c a d b
d b a c
d c b a
[Ans : 2)i—c ii—a iii—d iv—Db]

Assertion (A) If ABCD is a prallelogram,

- > = = )
AB + AD + CB + CD then is equal to zero.

D C
A B
- o

Reason (R) : AB and CD are equal in magnitude
%
and opposite in direction. Also AD

and CBare equal in magnitude and
opposite in direction

(1) Both A and R are true and R is the correct
explanation of A

(2) Both A and R are true and R is not a correct
explantion of A

(3)  Aistrue but R is false

(4)  Adis false but R is true

[Ans: (1) Both A and R are true and R is the correct

explanation of A]

8. Find the odd one out of the following
(1) i+2j+3k (2) 2i+4j+6k
A A A A A A
(3) 7i+14j+21k 4) i+3j+2k
Hint : (1), (2), (3) are parallel vectors N A A
[Ans: (4)i+3j+2k]
- o >
9. Assertion (A) : a,b,c are the position vector of

- - =
three collinear points then2 a= b+ c

Reason (R) : Collinear points, have same direction

(1) Both A and R are true and R is the correct
explanation of A

(2) Both A and R are true and R is not a correct
explantion of A

(3)  Aistrue but R is false

(4)  Adis false but R is true

[Ans: (1) Both A and R are true and R is the correct
explanation of A]
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10. Find the odd one out of the following
(1) matrix multiplication

5. Find the scalar and vector components of the
vector with initial point (2, 1) and terminal point
-5, 7).
Solution :  Let A(2, 1) be initial point and B(-5, 7) be
terminal point of given vector.

(2) vector cross product
(3) Subtraction

(4) Matrix Addition

% A A A A

Hint : Only (4) is commutative Then, AB = (=5-2)i+(7-1)j = -7i+6]
[Ans: (4)Matrix Addition] -

.. The scalar components of AB are —7 and 6.

- A A
The vector components of AB are —=7i and 6 .

SECTION - B (2 MARKS)

1. Define diagonal and scalar matrices.[March - 2019]

Solution :  Diagonal; In a square matrix A = [a, ]

Of order n, the elements a'!, a*? , a®..... & are

called the principal diagonal or simply the diagonal
Scalar matrix:

nxr

6. Showthatthevectors 2i—3 j+4k are —4i+6j—8k
are colllnear
Solution : Let a= 21—3]+4k andb = —4l+6] Sk

A diagonal matrix whose entries along the principal Then | al = 22 4 (_3) +42
diagonal are equal is called a scalar matrix.
. . S =  J4+9+16 =29
2. Find a unit vector along the direction of the vector A 5 5
A Ao 2
5i—3j+4k [March - 2019] and [b| = \/(—4) +6° +(-8)

Solution: a = 5i- 3}' +4k
(52 ~3j+ 4/2)

V16+36+64 = V116

R I = Jax29 =229
a e + - -
q 52 L|b| = 2a|
- A AA - - - )
3. If a= 3i-2j+k and b=2i—4j+kthen find ' Thus,@and b are collinear.
— - - A A A d A A A
|la-2b]. 7. I a= i+2j+3kandb= 2i+3j—5k then find
Solution : N - ; Verifv th - da ; dicul
A AA x b, i X i
Given a = 3i-2j+k a erify that a and a x b are perpendicular
. A A A to each other.
b = 21_4j+k - A A A - A A A
> o A Solution : Given a= i+2j+3kand b=2i+3 -5k
a-2b = (31—2]+k) 2(21—4]+k) AA A
- > iJ k
L = —l+6jk Caxb =] 2 3
2 2
la-2b| = \/(—1) +6” +(-1) 23 s
= V13641 =38 — i(~10-9)— j(-5-6)+k(3—4)
4. Write two different vectors having same __19; +11;’—I€
magmtude R N 55

NOW a-(axb)y=(i+2j+3k)-(-19i+11j-k)

Solution : Let a = 21—]+3k and b = 1+2] 3kbe
two vectors.

0
Then, \a\—\/22 ~1+3% = V14
and|b|_,/12+z2 +(=3)* =14

Hence the required vectors are 2 i—j+3kand i+ 2 j=3 k

1(~19) +2(11) + 3(-1)

—19+22-3=-27 + 27 =0

- - -
This shows that @ and (@ x b)) are perpendicular to each

other.

I
I
I
I
I
1
1
1
I
I
I
1
1
1
1
I
I
I
1
1
1
1
I
I
I
1
1
1
1
I
I
I
1
1
1
1
I
1
1
1
1
AN A A 1
I
1
I
I
1
1
1
1
I
I
I
1
1
1
1
I
I
I
1
1
1
1
I
I
I
I
1
1
1
I
I
I
I
1
1
1
I
I
I
I
1
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SECTION - C (3 MARKYS) N f 74 >
= |x|>?— a'x + d.x -|a]> = 12
1. Find the unit vector in the direction of the vector - - -
- - - - AA DA A - A A = |)C|2—|Cl|2 = 12 [','|a|=1]
a-2b+3cifa=i+j, b=j+kand c=i+k. -
- A A D> A A D A A = |X|2=13
Solution; Givenllow,aiitj; b:/\j-Ai-k; ciz’-lA-k - |;| _ /3
ca-2b+3c¢ = (i+j)=-2(j+k)+3(i+k - - -
( . JA) . () +3( 4. Let a, b and c be non-coplanar vectors. Let
= 4i-j+k A, B and C be the points whose position vectors
- - -
- - - : s
sla-2b+3c| = I42+(_1)2+12 — Jl6+1+1 w1t2resgectt_())the011g110area+2b+3c,
~ VI8 = Ox2 = 32 —2a+3b+5c and7 a— c respectively. Then

- - -

Thus, the unit vector in the direction of a —2 b +3 ¢ is

- o o

a-2b+3c 1 AN
= = o 3\/5(41—]+k)
|la—2b+3c|

Find the direction cosines of the vector joining the
points A(1, 2, -3) and B(-1, -2, 1) directed from
A to B.

Solution : Given points are A (1,2,-3)and B (-1,-2, 1).

Thus, the direction cosines of AB are

%
Then AB =

- >
OB - OA

A A

(—i=2j+k)—(i+2j-3k

A A A
—2i—4 j+4k

V(2 + () +
Ja+16+16 = /36 =6

A8
AB| ~

Now, [ =

%

(_1
3’

2 %)
373

- I e
3. Find | x| if for a unit vector a, (x—a)-(x+a) =12
- e e
Solution :  Given|a| = land (x—a)(x+a) =12
e T e e
= XX —-a-x+x-a—-a-a = 12

orders@surabooks.com

prove that A, B and C are collinear.

- - - -
C

Solution : Given OA= a+2b+3

— - 5 -5 —

- -
OB = 2a+3b+5c¢ and OC=T7a-c
- o >

Then AB = OB — OA

e - - -

= (—2a+3b+5c)—- (a+2b+3c)
= T
c

= —3a+tb+2
- - — - - - - -
AC = OC-0OA =(7Ta-c)-(a+2b+3c)
- - -
= 6a-2b-4c
= —
= —2(3a+b+2c)=-2AB
%

~. AC||AB and A is a common points. Hence, the
points A, B and C are collinear.

5. If ABCDE is a pentagaon then prove that
e e
AB + AE + BC + DC + ED + AC= 3AC
. e e T e
Solution :  AB + AE + BC + DC + ED + AC

- = - = = =
(AB+ BC)+ (AE + ED + DC) + AC
D

E C
A B
- = =
= AC+ AC +AC
N (Using triangle law of addition)

= 3 AC Hence proved.
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SECTION - D (5§ MARKYS) — - - A D> D A A A
and GB = GO+O0OB = —k + OA+ AB=i+ j—k
- - 5 5 > - - - .
1. Leta=2j+j-2k:b=2i+j .If c isa vector Let 6 be the smaller angle between the diagonals OE and
S5 5 R GB, then
such that a. ¢ ‘c, —a‘ =242 and the NN
- - - 0 = OE GB _ 1(1)+1(1)+1( 1)
angle between a X p and c is 30°. Find the value cos / 2 12402, \/12 w124
N IOEH GB|
X ¢ -
of a><b [Hy - 2018] R
SN 3v3 3
Solution : a.-b =3=|c|=3 ff
PR - (]
N 7 o Thus © = cos 3
axb =121 =2=2i-2/+k
11 0 - - - -

3. If a,band c are three vectors such that |a | =

- -
‘c><z =a+4+1 =0 =3 |b|=4and|c|=+24 and sum of any two vectors

- -5 -

(—> —>)x—> ‘(—> —})‘XH ) is orthogonal to the third vector, then find |a + b +c |.
ax il c|l =N\axi cl sin 30° N
Solution :  Given(a+b).c =0
1 9
=3Xx3X =% T
22 = a.c+t+b.c =0
2. Prove that the smaller angle between any two SN N
(b+c).a =0
- = -5 -
Solution : Let OABCDEFG be a unit cube. o b.ate.a =0
- 5 -
G D (c+ta).b =0
-5 5 o o
_ = c.b+a.b =0
F k T T - -
E Adding,2(a.b+ b.c +c.a) =0
R e T S
B a.b+b.c+c.a =0 .. (1)
J e - - -
T /0 C la+b+c|> = |aP+b)P+|c|*+
- - e
20a.b+b.ctc.a)
A B
= 9+ 16+24+2(0)
Keeping O as origin, 49
A T2 A = A N
Let OA = i,0C =j and OG=k N la+b+c| = 7

Consider the diagonals OE and BG.

- - — - = -
OE = OB+ BE = OA+ AB + BE

—> > > A A A
OA+0C+0G= i+ j+k

e

|
|
|
|
1
1
1
|
|
|
|
1
1
1
|
|
|
|
1
1
1
|
|
|
|
1
1
1
|
|
|
|
1
1
1
|
:
1 1
diagonals of a cube is cos™! (5) . :
|
1
|
|
1
1
1
|
|
|
|
1
1
1
1
|
|
|
1
1
1
1
|
|
|
|
1
1
1
|
|
|
|
1
1
1
:
|
[- AB=OC,BE=0G] !
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- N - - : 2cos® = 1-2=-1
4. If |a| = |b| = |a+b| = 1 then prove that , 1
-7 ! cos® = )
|a_b|=\/§- : - - - -
) - - 1 C id a_b2:a2+b2_2
Solution : Given|a+b| =1 ! onsider | | la+5]
- - . - > - -
la+b? =1 I (a.b) = 1+1-2a||b|cosb
1
- - - >
lal?+|b)?P+2(a.b) =1 : = 2_/2/(1)(1)(_%)
- - !
1+1+2la||b|cos® = 1 where 0 isthe | =2+1=3
- - - -
angle between aand b . | la-b| = 3
:
1
1

o o o ok
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POINTS TO REMEMBER

In this chapter we have acquired the knowledge of the following :

O  Ascalaris a quantity that is determined by its magnitude.

O  Avector is a quantity that is determined by both its magnitude and its direction

O  If we have a liberty to choose the origins of the vector at any point then it is said to be a free vector,

whereas if it is restricted to a certain specified point then the vector is said to be a localized vector.

O  Two or more vectors are said to be coplanar if they lie on the same plane or parallel to the same plane.
a Two vectors are said to be equal if they have equal length and the same direction.
O A vector of magnitude 0 is called the zero vector.
O A vector of magnitude 1 is called a unit vector.
- - -
O Leta a be avector and m be a scalar. Then the vector m a is called the scalar multiple of a vector a
by the scalar m.
- - - -
O  Two vectors a and b are said to be parallel if @ =L b , where A is a scalar.
- - - - - -

O If a ,band c are the sides of a triangle taken in order then @ + b +¢ =0
O Vector addition is associative.

- 5 o - 5 o
O  Foranyvectora ,a + 0= 0+a=a.

- - - - - -
a For any vector @ , a+(—a)=(-a)+ a =0
a Vector addition is commutative.
O  “If two vectors are represented in magnitude and direction by the two sides of a triangle taken in the

same order, then their sum is represented by the third side taken in the reverse order”. This is known

as the triangle law of addition.

%
O  In a parallelogram OABC if OA and OB represents two adjacent sides, then the diagonal OC

— —

represents their sum. This is parallelogram law of addition.

O  Ifa,p,y are the direction angles then cosa,cosp,cosy are the direction cosines.

-

A A A

a The direction ratios of the vector ¥ =xi+y j+zkare x,y,z.

- - -

QO If a,band c are three non-coplanar vectors in the space, then any vector in the space can be written

- - -
as [a +mb +nc inaunique way.

e e o o o e e e e e e mm e e mm e mm mm e mm o mm o mm Emm mm mm mm mm mm mm omm == o

orders@surabooks.com

PH: 9600175757 / 8124201000 / 8124301000



This is only for Sample Materials
for Full Book order online and available at all Leading Bookstores

292 Sura’s m X[ Std - Mathematics m» Volume - Il s Chapter 08 mmw Vector Algebra-I

- A A A —

Let r =xi+y j+zk be the position vector of any point and let a, B, y be the direction angles of 7 . Then

5
(1) the sum of the squares of the direction cosines of » is 1.

(i) sino-+sin?p+sin’y =2 .
- X y z

(i)  the direction cosines of 7 are ) )
2, .2, .2 2, .2, 2 2, .2, 2
\/x +y +z \/x +y +z \/x +y +z

(iv)  if [, m, n are the direction cosines of a vector if and only if 2 +m?+ n>= 1.

A A A

v) any unit vector can be written as cosa. i + cosf j+cosyk .

- - - - ‘—>H—>‘
O  The scalar product of the vectors a and b is a . b =lallbl cosé.

- - — -
O  Vector product of any two non-zero vectors @ and b is written as @ x b and is defined as
- - ‘—>H—>‘ A - - - = A
a x b =lallbl sin ® nwhere 0 is the angle between a and b,0<0<m.Here a, b, n form a

right handed system.
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On 21.08.2018, Model Question Paper is released by the Govt.
We have given it along with Answer Key.

Kind Attention to the Students

From this year onwards, blue print system has been abolished.
Please note that questions will be framed from IN-TEXT portions ALSO.
Approximately 20% of the questions will be asked from IN-TEXT portions.

These questions will be based on Reasoning and Understanding of the lessons.

+ o+ + + o+

Further, Creative and Higher Order Thinking Skills questions will also be asked. It requires
the students to clearly understand the lessons. So the students have to think and answer such
questions.

+  Itis instructed that henceforth if any questions are asked from ‘out of syllabus) grace marks
will not be given.

Term Test, Revision Test and Model Exam will be conducted based on the above pattern only.

Concentrating only on the book-back questions and/or previous year questions, henceforth,
may not ensure to score 100% marks.

+  Also note that the answers must be written either in blue ink or in black ink. Avoid using both
the colour inks to answer the questions.

+  For MCQs, the answers should be written in full. Simply writing (a) or (b) etc. will not get full
marks. You have to write (a) or (b) etc., along with the answer given in the options.

1 [
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11", Govr. MobeL QuesTion Paper -1 (2018-19)

(with Answer Key)
Time : 2.30 Hours Mathematics Maximum Marks : 90
Section - 1 10. Which one of the following is not true for any 6?
Note : (i) Answer all are compulsory the questions. (1) sin®= _3 (2) cosO=-1
[20 x 1 = 20] 4 !
(i) Choose the correct or most suitable answer (3) tan6=25 (4) secB= N

from the given four alternatives. Write the
option code and the corresponding answer.
1. IfA={(x y):y=sinx, xe R} and B= {(x,)):
y=cosx, x € R} then AN B contains

11. A wheel is spinning at 2 radians/second. How many
seconds will it take to make 10 complete rotations?

(1) 107 seconds (2) 20w seconds

(3) 5m seconds (4) 157 seconds

sin10°— cos10° .

cos10°+ sin10° s

(1) an35° (2) 3 () tan75° (4) 1

(1) no element

(2) infinitely many elements 12.
(3) only one element

(4) cannot be determined.

2. The number of relations on a set containing 3 elements 1 13. The product of r consecutive positive integers is

is divisible by
(1) 9 @) 81 (3) 512 (4) 1024 (1) Q) -1
3. The function f : [0, 2] — [-1, 1] defined by 3) (r+1)! @

Jix) = sin x is 14. The number of sides of a polygon having 44 diagonals

(1) one-to-one (2) onto is
4. Let f: R — Rbe defined by f(x)=1—|x|. Then the ' 15. If"C,,"Cs, "C, are in AP then value of  is
range of fis (1) 14 2 11 (3) 9 “4) 5
(1 R 2) (Lee) 3) (10) (4) (o, 1] 16. The sum of the digits in the unit’s place of all the 4- digit
5. If quadratic with real coefficients has no real roots, then numbers formed by 3, 4, 5 and 6, without repetition, is
its discriminantis __ equation. .
(1) 0 2) <0 @3) >0 @ 1 (1) 432 (2) 108 (3) 36 4) 72
6. If|x+2| <9, then x belongs to 17. If a is the arithmetic mean and g is the geometric mean
(1) (—o0,=7) () [-11,-7] of two numbers, then

(1) asg (2) a2g (3) a=g 4 a>g
18. The coefficient of x®y!? in the expansion of (2x + 3y)*°
is

(3) (oo, =TV [11,00) 4) (~11,7)
7. Ifaand b are the roots of the equation x> — kx + 16 = 0
and satisfy a”> + b*> = 32, then the value of k is

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
(3) bijection (4) cannot be defined ! (1) 4 2 4 (3 11 4) 22
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

(1) 10 2 8 (3) -88 (4) 6 () o (2) 283"
8. If Vx+14 <2, then x belongs to (3) 28312421238 (4) 20C328312
(1) [-14,-10) (2) (-14,-10) 1 1 1 _
(3) (~o0,~10) @) [-14,-10] 19. The value of 2—!+Z!+a+..-1s
9. cos1°+cos2°+cos3°+....+cos 179°is 2 +1 (e+1)? (e—1) 2 +1
(1) 0 @1 @ 1 @8 W e B T O W Ty
20. The remainder when 524 is divided by 17 is
I (1 1 2 3 3) 5 “4) 6
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(@)
(i)

21.

22.

23.

24.

25.
26.

27.
28.

29.
30.

(@)
(i)

31.

32.

33.

34.

35.

36.

37.

38.

Section - 11
Answer any SEVEN questions.
Question number 30 is compulsory. 7 X 2 = 14
If A= {1, 2, 3, 4, and B = {3, 4, 5, 6}, find
n ((AUB) x (ANB) x (AAB)).
In the set Z of integers, define mRn if m — 1 is a multiple
of 12. Prove that R is an equivalence relation.
If A x A has 9 elements, S={(a, b) €A X A : a > b};
(2, -1) and (2, 1) are two elements, then find the
remaining elements of S.

n:

Prove log a + log a* + log a® + ...
+1
ntD) e

+ log a

Solve : (x —2) (x + 3)><0.
If A+ B =45° show that (1 +tan A) (1 + tan B) = 2.

sin 4x + sin 2x

Prove that = tan3x

cos 4x+ cos 2x

Out of 6 consonants and 4 vowels, how many strings of
3 consonants and 2 vowels can be formed?

U 1
Prove that =1- )
kzz’l k(k+1) n+l

Prove that log,” — log,? + log> — ... is 1 —log 2.

Section - 111
Answer any SEVEN questions.
7x3=21

If f: R — R is defined by f{x) = 3x — 5, prove that f'is
a bijection and find its inverse.

Question number 40 is compulsory.

Using the given curve y = x°.

¥ = (x + 1)? with the same scale.
If one root of k(x — 1)> = 5x — 7 is double the other root,
show that k=2 or —25.

Draw the graph,

. . ) 10x+30
Resolve into partial fractions: N -
(x?=9)(x+7)
Suppose that a boat travels 10 km from the port towards
east and then turns 60° to its left. If the boat travels
further 8 km, how far from the port is the boat?

s
IfA+B+C= E,prove sin 2A + sin 2B + sin 2C
=4 cos A cos B cos C.

How many different selections of 5 books can be made
from 12 different books if,,

(1) Two particular books are always selected?

(i) Two particular books are never selected?
How many numbers are there between 100 and 500
with the digits 0, 1, 2, 3, 4, 5 if repetition of digits is
not allowed.

orders@surabooks.com

10
39. Find the co-efficient of x'° in the expansion ( e i) .

x3

40. In AABC, if tan% = % and tan —= 5 then show that

Answer all questions.

41. (a)Show that the range of the function

42.

43.

44.

45.

2

a, b, c, are in A.P.

Section - IV
7x5=35

- 1is
2 cosx—1

Bk

(b)

(b)
(a)

(b)

Q)
(i1)
(iif)

(b)

(OR)
Letf,g: R — Rbe defined as f(x) = 2x — x| and
g (x)=2x+|x|. Find fo g.
x+1
x+3

<3 is

Prove that the solution of
(—oo, _4)U (_35 oo)

(OR)
Determine the region in the plane determined by

the inequalities 2x + 3y < 35, y > 2, X =5.
47'[)
3

If x cos =y cos(e_,_z_n)zz cos(9+
3
then prove that xy + yz + zx = 0.

(OR)
Solve /3 tan?0 + (13 -1)tan0—1=0

If the letters of the word APPLE are permuted in
all possible ways and the strings then formed are
arranged in the dictionary order show that the rank
of the word APPLE is 12.

(OR)
A van has 8 seats. It has two seats in the front with
two rows of three seats behind. The van belongs to
a family, consisting of seven members, F, M, S, S,,
S,, D,,D,. How many ways can the family sit in the
van i
There are no restriction?
Either F or M drives the van?

D,.,D, sits next to a window and F is driving?

Using Mathematical induction, show that for any
natural number 7,

1 1 1 1 n
—+—+—+..+ =—
12 23 34 nn+1) n+l

(OR)

Prove that %/ Y+7- %/ x> + 4 1s approximately

equal to — when x is large.
by
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46. (a) Find the sum up to the 17 term of the series ! Let mRn and nRp; then m —n =12k and n — p = 121
P 1?+2 1P+23+3° I for some integers k and /.
T + 143 14345 : So m —p =12(k + I) and hence mRp. This shows that
1 R is transitive. Thus R is an equivalence relation.
s (OR)S s . . 23. Solution: n(AxA) = 9
(b)  Show that + + o = — : = n(A)=3;S ={(@b)e AxA:a>b}
Ix3 2x4 3x5 4 I A= {-1,1,2}
1
47. (a) LetA={2,3,5} and relation R = {(2,5)} write | ! ?X‘i‘ 1_ i(gl’ ;1)’ 1(71’2 11)’(75’ 22)’
down the minimum number of ordered pairs 1 .- )’_( ’ _)’ (1,2), 2, 1), 2, 1), (2, 2)}
to be included to R to make it an equivalence | ) o 8 = .{(1’ -1, 21D
relation. . ..Remaining element of S is (1, —1),
(OR) ! 24. Solution :
= =, I LHS = loga+loga*+loga®+... +loga"
(b) Ifx=2cos 9,y=2sm 0 and | = loga+2loga+3loga+...+nloga
=0 =0 —
w" " | = loga(l+2+3+....n)
7= Z cos>" Osin>" 0,0<0< T , then show that : = loga M [En = n(n+ l)l
n=0 2 ! 2 2
= ! +1
Xyz=xty+z. | @& )loga =RHS Hence proved.
ANSWERS ! 25. Solution : (x—2)(x+3)*<0
SECTION -1 \ Critical numbers 2, — 3
1 1 —oo — — )
1. (2) infinitely many elements ~ 11. (1) 107 seconds ! Rlc g e three 1nt:ervals (o=, \3,)’ 3, 2)\’,(2’ ) X
il AN AN =
2. (3) 512 12. (1) tan 35° ! o 3 2 oo
| 1
3. () onto 13.(1) ! Interval Sign of | Sign of Sign of
4. @) (o] 14.¢3) 11 . (x-2) | G432 | k-2 (x+3)
5. (2) <0 15.(1) 14 | (coo,3)x=-5 - + -
1
6. (2) [-11,-7] 16. (2) 108 (320 - - -
7. 3) 8,8 17. 2) a2 !
G) (2)azg 1 (2,00)x=3 + + +
8. (1) [-14,-10) 18. (4) 20C, 28312 1
2 ' The inequality is satisfied in the interval (— oo, —3) and (-3, 2)
(e-1) '
9. 1) O 19.(3) Ty 1 .. Solution set is (— o0, —3) U (-3, 2)
10 20 ¢ . 26. Solution :
{(4) sec =17 -1 : GivenA+B = 45°= B=45°—-A
SECTION -11 : LHS = (I +tanA)(l +tanB)
= + + o_
21. Solution : We have n (AU B) = 6, : (I+tan A) (1 +tan (45° —A))
1 °o_
n (AN B) = 2and 1 = (1+tanA) |1+ tan45° — tan A
! 1+tan45°-tan A
nAAB) = 4 !
So. n( (AU B) x n (AN B) x (AA B)) = n(AU B) x ! [','tan(A— B)= M}
n (AN B) x n(AAB)=6x2 x4 =148 , 1—tell;/§anAtanB
22. Solution : : = (I +tanA) (1+1 Y
As m—m=0and 0= 0 x12, hence mRm proving that | +lan
R is reflexive. I = (1+tanA) IttanA+1—tanA
Let mRn. Then m — n = 12k for some integer k; thus : 1+tan A
1
1
1
1
1

orders@surabooks.com
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27. Solution : LHS=

cos 4x+cos 2x

Z . [ 4x+2x 4x—2x
S| Ty feos Ty sin3x- cosx

sin 4x +sin 2x

_Z (4x+2x) (4x—2x)_ cos 3x-
cos 5 cos

2
Hence proved.
28. Solution :

=tan3x = RHS.

o

Also fog(v)

415
R
3 3
- fgon=r| 22

=7 y7+5 S=y+8-B=y.

Thus gof = Ix and fog=1y.

This implies that f and g are bijections and inverses to each

31. Solution: Lety = 3x-35
y+5
= y+5 = 3x:>T:x
+5 =x3
Let g(y) = y3 Let filx)=x
gof(x) = g(f(x))=g(Bx-5) unit

¥ = (x + 1)3, causes the graph of f(x) shifts to the left for one

1
1
:
1
1
1
1
1
:
1
1
1
1
Number of ways of selecting (3 consonants out of 6) and (2 1 ©ther: o y+5
vowels out of 4) is 6C, x 4C, , Hence f'is a bijection andf'(y) = 3
Each string contains 5 letters. Number of ways : ) . x+5
of arranging 5 letters among themselves s ! Replacing y by x we get, /(x) = 3
| = ' '
51'=120. Hence required number of ways is ' 32. Solution: y=(x+1)
6C, x 4C, x 51 =20 x 6 x 120 = 14400 . 0 1 . 5 5
29. Solution : | ol y g _0 7 _1
Let #, denote the k™ term of the given series. Then : Y _
e |
= k(k+1)° By using partial fraction we get ! 26l
Ll L s v bt |
K+ k k+1 TR ! 241
1- + -+ |+ - +..+ -——|=1= X
4 n n+l n+l1 : 20 4
30. Solution : I
. 18 4
LHS = log,2 —log.2 +log 2 —log,,2 + ... | i
1 1 1 1 :
= - + - +... | el
log,4 log,8 log,16 log,32 I
1 1 1 1 | 12 4
- ~ - - +o |
log, 2> log,2° log,2* log,?2’ i 10
1 1 1 1 | T
= - + - + |
2log,2 3log,2 4log,2 Slog,2 X 84
1
) | .|
2 3 4 5 !
4 |
S TR S TS :
2 3 4 5 I
1(11+11+)112RHS:X' }
= I-ll=-—=+-—+...|=1-log2= x
2 3 4 e PO 575137 s ssaieed s isdif 0 %
i s e g e e
1
1
1
1
:
1
1
1
1
1
1
1
1

orders@surabooks.com
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33. Solution : Given equation is k (x — 1)*>=5x —7
= k(x>-2x+1) = 5x-7
= k- 2kx+k-5x+7 = 0
= kP+x(2k-5+k+7) = 0
Let the roots be o and 20.

+2k+5
Soot200 =
k
. 30 = +2k+5
k
+2k+5 k+7
= o= and o Qo) = ——
3k k
= 20(2 — ki
k
, _k+7
= o %

Substituting (1) in (2) we get,
(2k +5 )2 k=7

3k 2k
-50
A
25 -2
- 4k +25+20k _ k+7
9% 2k
4k* +25+20k _ k+7
= oy A A= = —
9%k 2
= 8k +50+ 40k = 9k*+ 63k
= +23k-50+0 = 0
= (k-2)(k+25) = 0
= k = 2or-25.
Hence proved.
34. Solufi L 10x+30
. olution : Let 7——~
2_9)(x+7
10(x+3)(x 9)x fO

(x+3)(x=3)(x+7) - (x=3)(x+7)
A B A(x+7)+B(x-3)
+_:
x—=3 x+7 (x=3)(x+7)

10 = Ax+7)+B(x—

x = 3thenA=1

x = —7thenB=-1
10x+30 1 1

Hence, 75—~ =
(x2—9)(X+7) x=3 x+7

orders@surabooks.com

(2)

3)

35. Solution : Let BP be the required distance. By using
the cosine formula, we have,

BP2 = 10%+8>—2x 10 x 8 x cos 120°
= 244km = BP=2./61 km
Port,.-=""
P 10 km

36. Solution :
LHS = sin2A +sin 2B + sin 2C

- (2A+2B 2A -2B .
=2sin T coS T + 2 sin C cos C.

=2sin (A + B) cos (A—B) + 2sin C cos C

=2 sin (g—C) cos (A—B) +2sin C cos C

=2cos Ccos (A-B)+2sinCcos C

—2cos C [cos(A ~B)+sin (g —(A+ B))]
=2cosC+2cosAcosB=4cosAcosBcosC=RHS
Hence proved.

37. Solution :

(i) Two particular books are always selected
Two particular books are always selected , the remaining
3 books can be selected from 10 books in '°C, ways.

}St’fx;xiﬁ
Ix2Zx1

(i1)) Two particular books are never selected

1C, = = 120 ways

Since two books are never to be selected, the selection
of 5 books from 10 books are done in 10C; ways.

4
101 10x9x8xTx6x 5 10x9x IxTx f =252.
TS50 M awdx3dxdxl AxdxAx 7

38. Solution :  Repetition of digit is not allowed
4l 6 | 6 |
Hundreds place can be filled in 4 ways excluding 0 and 5.

Tens place can be filled in 5 ways since repetition of digits is
not allowed.

Unit place can be filled in 4 ways.

. By fundamental principle of multiplication, required
number of three digit numbers =4 x 5 x 4 =80
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39. Solution: In (x2 +L3) n= 10,x=x2 a=
X

RS

3

So the general term is T, = "Crx""a"
= Tﬁl = :10 Cr(xZ)IOr'(%)
_ 100 202r, \F
x3r =100 520-5r (1)
To find the Co-efficient of x1°,
put20—-5r =15
= 20-15 =5r=>5=5r= r=1
putting » = 11n (1) we get
Tz — 10C1x2075: 10C1x15
.. Co-efficient of x!° is 10.
A _ _
40. Solution : tan — = ,/w (1)
2 s(s—a)
C /(s—a)(s—b)
tan — = ,[——— .. (2
2 S(s—c) ( )
(s—b)(;//c) (s—b)(;//a) s—b
tan— || tan— | = = .3
( )( ) J =) e s 9
A C B2 1
Also, tan— |[tan— | = —SXx—Z==
w0 ( 2)( 2) g7573
Cs=b _ 1
. 3
3s—-3b = &
2s = 3b
+b+c
Z(g ) = 3b
Z
a+b+c = 3b
atc = 2b
soa,b,carein AP
SECTION -1V
41. (a) Solution : Range of cosine function is
—-1<cosx<1.
= —2<2cosx<2 (Multiplied by 2)
= -2 -1<2cosx—-1<2-1
= —3<2cosx—-1<1
3 2cosx—1_ 1 3 ¥

.. Range of f(x) is (—oo’—%] U[1,00)

orders@surabooks.com

(OR)
—X, <0
(b) Solution : We know |x| —{
x, x>0
2 —(_ .
Sof(x)={x (=x) if x<0
2x—x 1if x>0
Thus £) = {Sx if x<0
x if x>0
2x+ (- i
Alsog(x)={x (=x) if x<0
2x+x if x>0
- x; x<0
us g () = 3x; x>0

Let x < 0. Then (gof) (x) =g(f (x)) = g(3x) = 3x

The last equality is taken because 3x < 0 whenever x < 0.
Let x > 0. Then (gof) (x) = g(f (x)) = g(x) = 3x

Thus (gof) (x) = 3x for all x.

42.(a) Solution :
x+1

-3<0.
x+3
x+1-3(x+3) —2x—-8 x+4
—_— <> <0= >0
x+3 x+3 x+3

Thus, x + 4 and x + 3 are both positive or both negative.

So let us find out the signs of x + 3 and x + 4 as follows

Subtracting 3 from both sides we get

X x+3 x+4 x+4
x+3
x<-4 — — +
4 <x<-3 — + —
x>-3 + + +
x=-4 - 0 0
So the solution set is given by (—oo, —4)U (=3, o).
(OR)
X 0 |175
(b) Solution : If 2x + 3y = 35 then y 16| o

y =2 1is a line parallel to X-axis at a distance 2 units.

x =5 is a line parallel to Y-axis at a distance of 5 units.
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=cos 0+ cos (120 + 0) + cos (240 + 0)

cos O + cos 120 cos 6 — sin 120 sin O + cos 240 cos 0 —
sin 240 sin 0

cos 0 — cos 60 cos O — sin 60 sin O — sin 30 cos O +

cos 30 sin 6
cose——cose Z&é——cose+zﬁ(

—cose—%cosﬂ—acose =cos0—cesD =0

L,{ggg) :Oﬂ(wjzo

xX y z xyz

= xytyz+zx =0
.-cos (A+B) = cos A cos B—sinAsin B
cos 120° = cos (180° — 60°)

ABC is the required shaded region. = —co0s 60°= )
43. (a)  Solution : sin 240° = sin (270° — 30°)
P P = sin 60
Letxcos® =ypcos |0+2—| =zcos (9+4—) =\ N
A A 3 A 3 = —os 30= —:|
= — =cos9,—:cos(9+2£) and —:cos(9+4E)
X y 3 z 3
X A A (OR)
—4— +——cosG+cos(6+2 )+cos(9+4£)
X y z 3 3
(b) Vtan20+ (VB3 -Dtand-1 = 0
V3tan?0 ++3tan0—tan® -1 = 0
(V3tan® - 1)(tan0+1) = 0
Thus, either tano-1 =0 (or)
tan6+1 =0
If V3 tan@—1 = O, then Iftan0+1 = O then
1 T -
tan® = — =tan— tan® = _]=tan (—)
NE R 4
=0 = nmg,neZ (1) =0 = nn—%,neZ .. (ii)

From (i) and (ii) we have the general solution.

Number of words starting with APE = 21=2
Number of words starting with APL = 2!=2

44. (a) Solution : In the word APPLE, there are 5 letters.
The lexicographic order of the word is A, E, L, P, P

1
1
1
1
The letter P occurs 2 times. ! APPEL = 1
ing wi 3! | APPLE = 1
Number of words starting with AE = — =3 !
2 : Rank of APPLE = 3 +3 + 2
3! ! +2+1+1=12
Number of words starting with AL = 5" 3 ! Hence proved.
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(OR)

(b) Solution :

(1) As there 8 seats to be occupied out of which one seat is
for the one who drives. Since there are no restrictions
any one can drive the van. Hence the number of ways
of occupying the driver seat is 7Pl = 7 ways . The
number of ways of occupying the remaining 7 seats by
the remaining 6 people is 'P, = 5040: Hence the total
number of ways the family can be seated in the car is
7 x 5040 =35280:

(i1) As the driver seat can be occupied by only F or M, there
are only two ways it can be occupied. Hence the total
number of ways the family can be seated in the car is 2
x 5040 = 10080:

(iii) As there are only 5 window seats available for D, &
D, to occupy the number of ways of seated near the
WlndOWS by the two family members is 5P2 =20. As the
driver seat is occupied by F, the remaining 4 people can
be seated in the available 5 seats in 5P 4= 120: Hence the
total number of ways the family can be seated in the car
is20 x 1 x 120 =2400:

45. (a) Solution :
1 n
— 4 =
12 2 23 3 34 n(n+1)

Substituting the value of #n = 1, in the statement we get,

Let P(n) = il

P(1)_12 2

Hence P(1) is true. Let us assume that the statement is true
for n = k. Then

(b)

Y +7 -3 +a- (%+ % ) (/+ x_)zL

(OR)

1
L 3
soton: {75724 [ -3

X
7
3

<lasxis large)

2!
( 7 1 49 1 )
x| 1+—=X X
3 3 9 x®
7.1 49 1 ; 1
X+— —2—?X—5+ = Ax +4—(x +4)
1 X 1
3 4 \3
|:x3(1+i3):| :x(1+x—3) i<1)
X X
1(1_4 2
e dy 50 >(i) ]
x3 21 x3
4,1 16 1
3 %2 9 O

1 X
higher powers—of are negligible. Thus 3/x°+7
X

Since x is large, is very small and hence

7 33 1
—X+3X—and x°+4= x+ X— .Therefore
x?

X

P(k) = ! — ... _1a e 46. (a) Solution : Let T be the n'™ term of the given series
12 23 3.4 k(k+1) k+1 " n(n+1) T
WeneedtosholwthaltP(kIrl)istrue.lConsider, | P+2+. +n° _I: ) :| ["S —£(a+l):|-
Plh+1) = —+—+— + " 143+5+.+Q2n-1) n N )
FrD=12"2373 k(k+1) (k+D)(k+2) p+2n=h
k 1 nz(n+1)2/n
_ P(k)+ - = : —(Zn)
(k+D(k+2) " k+1)  (k+D(k+2) 4 X
2 : ) 1 1 1
:L(L;):L(M) el 1 Gt 0P+ 20D
k+1\1 k+2) k+10 k42 4 n 4
1 ( (k+1)2)_ (k+1) Let S, denote the sum of 7 terms of the given series.
Tk k12 ) (k+2) Then

This implies, P(k + 1) is true. The validity of

P(k + 1) follows from that of P(k). Therefore, by

the principle of mathematical induction, for any

natural number n,

1 1 1 1
n(n+1)

_n

n+l1

3.

12 23

orders@surabooks.com

S

n

k=1

T, =i2(k2 +2k+1)=i[ik2 +2ik+il]
1 l:n(n-l- D(2n+1) N 2(n)(n+1)
4 6 2

i[n(n +D2n+1)+6(n)(n+1)+ 6n]

]
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1 , , (b) Solution :
= ﬁ[(n +n)(2n+1)+6n" +6n+6n

Given x = Zcosz” 0=cos’0+cos’0+cos' O+---
n=0

=1+cos’0+cos*0+... =1+ (COS@)2 + (00829)2 +...

= %[2713 +n’+2n° +n+6n° + 12n]

S, =%[2n3 +9n +13n]=§[2n2 +9n+13]

- Clx+x+ x—Lwhen|x|<1
Now we have to find S, 1-cos’ 6 . -
17 1
=S, =—|2(17)° +9(17)+13 _
17 24[ ] sin’ (D)
1 1 Cony . .
= 2—1[578+153+13] = 2—1(744) =17(31)=527. y=2sin"®=sin"8+sin’ O+sin'6+..
n=0
_ =1 +sin%0 + sin*0 +. . =1 + (sinB)? + (sinZ0)* + . . .
S, =527 ) 1 (sin0)7+ (sin"9)
(OR) _ = 2
= s 1-sin’@ cos’ O )
(b) Solution : Given series can be written as z -
5 n11(n+2) 1 Similarly z= ZCOSZ"G sin®" 0
Let n'™ term be a".".a, = =0
! n(n+2) = ¢0s%0 sin® @ + cos” O sin” O + cos* O sin* O +...

By partial fraction,
5 5 5

n(n+2) 21 2(n+2)
Sum of the 7 terms of the series be Sn

S =a,ta,t..+ta
n 1 2 n

(D)

G Rermn) i )
2(n-1) 2(m+1) 2n 2(n+2)

1
" 1-sin’0cos’0

(3

=1 + (sin 0 cos 0)? + (sin?0 cos?0)> + . . .+

1 1 1
+ +
sin®® cos’® 1-sin*Ocos’ O
[using (1), (2) and (3)]
cos’ B (1—sin’Bcos” ) +sin’ B (1 —sin’ B cos” B) +sin” Bcos’ B
B sin” @ cos” 0 (1 —sin” Bcos’ )

2 .2 4 .2 .4 2 .2 2
_cos”0—sin“Bcos” B+sin“O—sin” Bcos” O +sin” Ocos” O

- 3 + 3.5 53 sin® @cos” (1 —sin” O cos” 0)
2 4 2 1) 2 2 . . .
(n+1) 20 ;r ) 5 _ 1—(sin*Bcos’ 6 +sin Bcos’ ) +sin’ Bcos’ O
o = ) 201 _ 2 2
As n tends to infinity, CYPY t]) and 2(n+2) sin“ Bcos” O (1 —sin” Ocos” 0) 2 2
5 5 5 s s s 15 15 [.'sin" O +cos” 0=1]

1—sin” O cos” O (cos’ O +sin’ B)+sin’ O cos’ O
sin®@cos’ O (1—sin’ O cos’ 0)

_ 1- sin’Beos”B(1) + sin>6cos O

sin’0cos’ 0 (1—sin’ Bcos’ 0)

E:Z—2(n+1)—2(n+2)tendstoE+Z=Z orSn—>Z

5 5 15
+ + +.=—
1x3 2x4 3x4 4

47. (a) Solution : It is enough to add (2, 2), (3, 3) and
(5, 5) to make R reflexive.

To make R symmetric, (5, 2) needs to be included.

That is,

sin’ Bcos” O (1—sin’ Bcos” 0)
1 1 1

sin’®  cos’® 1-—sin*Ocos’O °

Given R is a transitive relation. XTytz=xyz

. Minimum number of ordered pairs required are (5, 2),

(2,2),(3,3)and (5, 5)

|
1
1
I
1
|
1
|
I
|
I
|
I
1
|
1
|
I
|
I
|
1
1
I
1
|
1
|
I
|
I
|
I
1
|
1
l
1
1 Nowx+y+z=
1
1
1
1
1
|
1
|
I
|
I
|
I
1
|
1
|
I
|
I
|
1
1
I
1
|
1
|
I
|
I
|
I
|
1 Hence proved.
|
|

(OR)
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